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1 Derivation of Eq. (3)
In this section, we derive Eq. (3) of the main text, which is redisplayed below:

Er∆xxkĩj̃yys “ xxwĩj̃yy
´1 ␣covĩ

“

xwij̃y, xkij̃y
‰

` aveĩ

“

covij̃ rwij, kijs
‰(

,

where the symbols are defined as follows:

xxkĩj̃yy :“ 1
M

L
ÿ

i“1
nixkij̃y, (S1)

∗Corresponding author. E-mail: nobuto.takeuchi@auckland.ac.nz
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where M is the total number of replicators, ni is the number of replicators in collective i, L
is the number of collectives, and

xkij̃y :“ 1
ni

ni
ÿ

j“1
kij,

xxwĩj̃yy :“ 1
M

L
ÿ

i“1
nixwij̃y,

xwij̃y :“ 1
ni

ni
ÿ

j“1
wij,

covĩ

“

xwij̃y, xkij̃y
‰

:“ 1
M

L
ÿ

i“1
ni

`

xwij̃y ´ xxwĩj̃yy
˘ `

xkij̃y ´ xxkĩj̃yy
˘

,

covij̃ rwij, kijs :“ 1
ni

ni
ÿ

j“1

`

wij ´ xwij̃y
˘ `

kij ´ xkij̃y
˘

,

aveĩ

“

covij̃ rwij, kijs
‰

:“ 1
M

L
ÿ

i“1
ni covij̃ rwij, kijs .

(S2)

In each generation, a replicator is sampled M times with replacement from replicators
of the previous generation with probabilities proportional to fitness wij, as in the Wright-
Fisher process (see the main text under “Model”). To express xxkĩj̃yy in the next generation,
we introduce the following symbols. Let Il be the index of the collective to which the lth
sampled replicator belongs (l P t1, 2, ¨ ¨ ¨ , Mu), Jl be the index of the sampled replicator
within collective Il, and P pIl “ i, Jl “ jq be the probability that replicator j in collective i
is sampled. By the definition of the Wright-Fisher process,

P pIl “ i, Jl “ jq “
wij

Mxxwĩj̃yy
. (S3)

Moreover, let ϵIlJl
be the effect of mutation and P pϵIlJl

q be its probability distribution func-
tion (ϵIlJl

takes a value of 0 with a probability 1 ´ m or a value sampled from a Gaussian
distribution with mean 0 and variance σ with a probability m). Finally, let Erxs denote the
expected value of x after one iteration of the Wright-Fisher process; e.g.,

ErkIlJl
` ϵIlJl

s “

L
ÿ

i“1

ni
ÿ

j“1
P pIl “ i, Jl “ jq

ż

dP pϵIlJl
qpkij ` ϵIlJl

q. (S4)

Using these definitions, we can express the expected change of xxkĩj̃yy per generation, denoted
by Er∆xxkĩj̃yys, as follows:

Er∆xxkĩj̃yys “ E

«

M´1
M
ÿ

l“1
pkIlJl

` ϵIlJl
q

ff

´ xxkĩj̃yy. (S5)

Since Il and Jl are independent and identically distributed for different values of l, we can
remove the summation in the above equation to obtain

Er∆xxkĩj̃yys “ E rkIJ ` ϵIJ s ´ xxkĩj̃yy

“ E rkIJ s ´ xxkĩj̃yy,
(S6)
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where we used the fact that E rϵIJ s “ 0 and omitted subscript l.
The first term on the RHS of Eq. (S6) can be calculated as follows:

E rkIJ s “

L
ÿ

i“1

ni
ÿ

j“1
P pI “ i, J “ jqkij

“

L
ÿ

i“1

ni
ÿ

j“1

wij

Mxxwĩj̃yy
kij

“ xxwĩj̃yy
´1 1

M

L
ÿ

i“1

ni
ÿ

j“1
wijkij

“ xxwĩj̃yy
´1 1

M

L
ÿ

i“1
ni

1
ni

ni
ÿ

j“1
wijkij

“ xxwĩj̃yy
´1 1

M

L
ÿ

i“1
ni

`

xwij̃yxkij̃y ` covij̃ rwij, kijs
˘

“ xxwĩj̃yy
´1
"

1
M

`

L
ÿ

i“1
nixwij̃yxkij̃y

˘

` aveĩ

“

covij̃ rwij, kijs
‰

*

“ xxwĩj̃yy
´1 `covĩ

“

xwij̃y, xkij̃y
‰

` xxwĩj̃yyxxkĩj̃yy ` aveĩ

“

covij̃ rwij, kijs
‰˘

“ xxkĩj̃yy ` xxwĩj̃yy
´1␣covĩ

“

xwij̃y, xkij̃y
‰

` aveĩ

“

covij̃ rwij, kijs
‰ (

.

(S7)

Substituting Eq. (S7) into Eq. (S6), we obtain Eq. (3).

2 Derivation of Eq. (4)
In this section, we derive Eq. (4) of the main text, which is redisplayed below:

Er∆xxkĩj̃yys “ sava ´ swvw ` Ops2
wq ` Ops2

aq,

where the symbols are defined as follows:

va :“ covĩ

“

xkij̃y, xkij̃y
‰

“
1

M

L
ÿ

i“1
ni

`

xkij̃y ´ xxkĩj̃yy
˘2

vwi :“ covij̃ rkij, kijs “
1
ni

ni
ÿ

j“1

`

kij ´ xkij̃y
˘2

,

vw :“ aveĩ rvwis “
1

M

L
ÿ

i“1
ni vwi.

(S8)

Equation (4) is obtained by expanding xwij̃y and wij in Eq. (3), i.e.,

∆xxkĩj̃yy “ xxwĩj̃yy
´1covĩ

“

xwij̃y, xkij̃y
‰

` xxwĩj̃yy
´1aveĩ

“

covij̃ rwij, kijs
‰

,

as Taylor series around xkij̃y “ xxkĩj̃yy and kij “ xkij̃y, respectively.
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First, we obtain the first term of Eq. (4), which stems from the first term of Eq. (3). We
assume that xwij̃y is an analytic function of xkij̃y and that xwij̃y “ xxwĩj̃yy for xkij̃y “ xxkĩj̃yy.
Expanding xwij̃y around xkij̃y “ xxkĩj̃yy, we obtain

xwij̃y “ xxwĩj̃yy `
Bxwij̃y

Bxkij̃y

`

xkij̃y ´ xxkĩj̃yy
˘

`
B2xwij̃y

Bxkij̃y2

`

xkij̃y ´ xxkĩj̃yy
˘2

` ¨ ¨ ¨ . (S9)

Dividing both sides by xxwĩj̃yy, we obtain

xwij̃y

xxwĩj̃yy
“ 1 `

1
xxwĩj̃yy

Bxwij̃y

Bxkij̃y

`

xkij̃y ´ xxkĩj̃yy
˘

`
1

xxwĩj̃yy

B2xwij̃y

Bxkij̃y2

`

xkij̃y ´ xxkĩj̃yy
˘2

` ¨ ¨ ¨ . (S10)

By the definition of selection strength (see the main text under “Model”),
1

xxwĩj̃yy

Bxwij̃y

Bxkij̃y

ˇ

ˇ

ˇ

ˇ

xkij̃y“xxkĩj̃yy

“

ˆ

1
xwij̃y

Bxwij̃y

Bxkij̃y

˙ˇ

ˇ

ˇ

ˇ

xkij̃y“xxkĩj̃yy

:“ sa

(S11)

By mathematical induction, it can be shown that
1

xwij̃y

Bl`1xwij̃y

Bxkij̃yl`1 “

ˆ

B

Bxkij̃y
`

1
xwij̃y

Bxwij̃y

Bxkij̃y

˙

1
xwij̃y

Blxwij̃y

Bxkij̃yl
(S12)

for l P t1, 2, 3, ¨ ¨ ¨ u. Since it is assumed that Bsa{Bxkij̃y “ 0 (see the main text under “Model”),
the above equation implies that

ˆ

1
xwij̃y

Blxwij̃y

Bxkij̃yl

˙
ˇ

ˇ

ˇ

ˇ

xkij̃y“xxkĩj̃yy

“ sl
a. (S13)

Given the above equation, Eq. (S10) implies that
xwij̃y

xxwĩj̃yy
“ 1 ` sa

`

xkij̃y ´ xxkĩj̃yy
˘

` Ops2
aq. (S14)

Therefore,
xxwĩj̃yy

´1covĩ

“

xwij̃y, xkij̃y
‰

“ covĩ

“

1 ` sa
`

xkij̃y ´ xxkĩj̃yy
˘

` Ops2
aq, xkij̃y

‰

“ sava ` Ops2
aq

(S15)

Second, we obtain the second term of Eq. (4), which stems from the second term of Eq. (3).
Using the same method as above, we can show that

xwij̃y
´1covij̃ rwij, kijs “ ´swvwi ` Ops2

wq. (S16)

We assume that xwij̃y and vwi are statistically uncorrelated as i varies (this is equivalent to
assuming that xkij̃y and vwi are uncorrelated). Under this assumption,

aveĩ

“

covij̃ rwij, kijs
‰

“ aveĩ

“

´xwij̃y sw vwi ` Ops2
wq
‰

“ ´aveĩ

“

xwij̃y
‰

sw aveĩ rvwis ` Ops2
wq

“ ´xxwĩj̃yyswvw ` Ops2
wq.

(S17)

Substituting Eqs. (S15) and (S17) into Eq. (3), we obtain Eq. (4).
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3 Derivation of Eq. (8)
In this section, we derive Eq. (8), which is redisplayed below:

E rv1
ws “

`

1 ´ βN´1˘ “vw ` mσ ´ swcw ` Ops2
wq
‰

E rv1
as “

`

1 ´ M´1˘ “va ` saca ` O
`

psw ` saq
2˘‰

`
`

βN´1
´ M´1˘ “vw ` mσ ´ swcw ` Ops2

wq
‰

,

3.1 Calculation of Erv1
ws

To calculate Erv1
ws, we introduce the following symbols. Let n1

i be the number of replicators
in collective i after one iteration of the Wright-Fisher process. Note that n1

i is a random
variable and can be expressed as

n1
i “

M
ÿ

l“1
δIli (S18)

where δIli is the Kronecker delta (i.e., δIli “ 1 if Il “ i, and δIli “ 0 otherwise). Moreover,
let xkiJl̃

y and xϵiJl̃
y be the sample mean of kIlJl

and ϵIlJl
within collective i:

xkiJl̃
y :“ 1

n1
i

n1
i

ÿ

l“1
kiJl

xϵiJl̃
y :“ 1

n1
i

n1
i

ÿ

l“1
ϵIlJl

,

(S19)

which are defined to be zero when n1
i “ 0. The probability that Jl “ j given Il “ i is

P pJ “ j|I “ iq “
P pI “ i, J “ iq

P pI “ iq

“
P pI “ i, J “ iq

řni

j“1 P pI “ i, J “ iq

“

wij

Mxxwĩj̃yy
řni

j“1
wij

Mxxwĩj̃yy

“

wij

Mxxwĩj̃yy

nixwij̃y

Mxxwĩj̃yy

“
wij

nixwij̃y
,

(S20)

where Eq. (S3) is used.
Using the symbols defined above, we can express the sample variance of kij within collec-

tive i in the next generation as

v1
wi :“ 1

n1
i

n1
i

ÿ

l“1

`

kiJl
` ϵiJl

´ xkiJl̃
y ´ xϵiJl̃

y
˘2

, (S21)
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which is defined to be zero when n1
i “ 0. Using v1

wi, we can express Erv1
ws as follows:

Erv1
ws “ E

«

1
M

L
ÿ

i“1
n1

iv
1
wi

ff

. (S22)

In the last equation, we can separate kiJl
and ϵiJl

as follows:

Erv1
ws “ E

«

1
M

L
ÿ

i“1
n1

i

1
n1

i

n1
i

ÿ

l“1

`

kiJl
` ϵiJl

´ xkiJl̃
y ´ xϵiJl̃

y
˘2
ff

“ E

«

1
M

L
ÿ

i“1

n1
i

ÿ

l“1

!

`

kiJl
´ xkiJl̃

y
˘2

`
`

ϵiJl
´ xϵiJl̃

y
˘2

` 2
`

kiJl
´ xkiJl̃

y
˘ `

ϵiJl
´ xϵiJl̃

y
˘

)

ff

“ E

«

1
M

L
ÿ

i“1

n1
i

ÿ

l“1

`

kiJl
´ xkiJl̃

y
˘2
ff

` E

«

1
M

L
ÿ

i“1

n1
i

ÿ

l“1

`

ϵiJl
´ xϵiJl̃

y
˘2
ff

` 2E
«

1
M

L
ÿ

i“1

n1
i

ÿ

l“1

`

kiJl
´ xkiJl̃

y
˘ `

ϵiJl
´ xϵiJl̃

y
˘

ff

.

(S23)

The last term of the final line of Eq. (S23) can be shown to be zero, as follows. With the
Kronecker delta δIli, this term can be calculated as

E

«

1
M

L
ÿ

i“1

n1
i

ÿ

l“1

`

kiJl
´ xkiJl̃

y
˘ `

ϵiJl
´ xϵiJl̃

y
˘

ff

“ E

«

1
M

L
ÿ

i“1

M
ÿ

l“1
δIli

`

kIlJl
´ xkiJl̃

y
˘ `

ϵiJl
´ xϵiJl̃

y
˘

ff

“
1

M

L
ÿ

i“1

M
ÿ

l“1
E
“

δIli

`

kIlJl
´ xkiJl̃

y
˘‰

E
“`

ϵiJl
´ xϵiJl̃

y
˘‰

“ 0,

(S24)

where we used the fact that kiJl
and ϵiJl

are independent of each other. Therefore,

Erv1
ws “ E

«

1
M

L
ÿ

i“1

n1
i

ÿ

l“1

`

kiJl
´ xkiJl̃

y
˘2
ff

` E

«

1
M

L
ÿ

i“1

n1
i

ÿ

l“1

`

ϵiJl
´ xϵiJl̃

y
˘2
ff

. (S25)

To calculate the first term of Eq. (S25), we define within-collective conditional expectation
as follows:

EJ |I“irxIJ s :“
ni
ÿ

j“1
P pJ “ j|I “ iqxij. (S26)
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Using Eq. (S26), we can transform the first term of Eq. (S25) as follows:

E

«

1
M

L
ÿ

i“1

n1
i

ÿ

l“1

`

kiJl
´ xkiJl̃

y
˘2
ff

“ E

»

–

1
M

L
ÿ

i“1

n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s ` EJ |I“irkIJ s ´ xkiJl̃

y
˘2

fi

fl

“ E

«

1
M

L
ÿ

i“1

" n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘2
`

n1
i

ÿ

l“1

`

EJ |I“irkIJ s ´ xkiJl̃
y
˘2

` 2
n1

i
ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘ `

EJ |I“irkIJ s ´ xkiJl̃
y
˘

*

ff

“ E

«

1
M

L
ÿ

i“1

" n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘2
` n1

i

`

EJ |I“irkIJ s ´ xkiJl̃
y
˘2

` 2
`

EJ |I“irkIJ s ´ xkiJl̃
y
˘

n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘

*

ff

“ E

«

1
M

L
ÿ

i“1

" n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘2
` n1

i

`

EJ |I“irkIJ s ´ xkiJl̃
y
˘2

` 2
`

EJ |I“irkIJ s ´ xkiJl̃
y
˘

n1
i

`

xkiJl̃
y ´ EJ |I“irkIJ s

˘

*

ff

“ E

«

1
M

L
ÿ

i“1

" n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘2
´ n1

i

`

xkiJl̃
y ´ EJ |I“irkIJ s

˘2
*

ff

“
1

M

L
ÿ

i“1
E

«

n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘2
ff

´
1

M

L
ÿ

i“1
E
”

n1
i

`

xkiJl̃
y ´ EJ |I“irkIJ s

˘2
ı

.

(S27)

The first term in the last line of Eq. (S27) is calculated as follows:

1
M

L
ÿ

i“1
E

«

n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘2
ff

“
1

M

L
ÿ

i“1
E

«

n1
i

ÿ

l“1

`

k2
iJl

´ 2EJ |I“irkIJ skiJl
` EJ |I“irkIJ s

2˘
ff

“
1

M

L
ÿ

i“1
E

«

n1
i

ÿ

l“1
k2

iJl
´ 2EJ |I“irkIJ s

n1
i

ÿ

l“1
kiJl

` n1
iEJ |I“irkIJ s

2

ff

“
1

M

L
ÿ

i“1

#

E
„ n1

i
ÿ

l“1
k2

iJl

ȷ

´ 2EJ |I“irkIJ sE
„ n1

i
ÿ

l“1
kiJl

ȷ

` Ern1
isEJ |I“irkIJ s

2

+

.

(S28)
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Using the Kronecker delta δIli, we can show that

E
„ n1

i
ÿ

l“1
kiJl

ȷ

“ E
„ M
ÿ

l“1
δIlikIlJl

ȷ

“

M
ÿ

l“1
E rδIlikIlJl

s

“ ME rδIikIJ s

“ M
ni
ÿ

j“1
P pI “ i, J “ jqkij

“ MP pI “ iq
ni
ÿ

j“1
P pJ “ j|I “ iqkij

“ M
nixwij̃y

Mxxwĩj̃yy
EJ |I“irkIJ s

“
nixwij̃y

xxwĩj̃yy
EJ |I“irkIJ s.

(S29)

Likewise, we can show that

E
„ n1

i
ÿ

l“1
k2

iJl

ȷ

“ E
„ M
ÿ

l“1
δIlik

2
IlJl

ȷ

“

M
ÿ

l“1
E
“

δIlik
2
IlJl

‰

“ ME
“

δIik
2
IJ

‰

“ M
ni
ÿ

j“1
P pI “ i, J “ jqk2

ij

“ MP pI “ iq
ni
ÿ

j“1
P pJ “ j|I “ iqk2

ij

“
nixwij̃y

xxwĩj̃yy
EJ |I“irk

2
IJ s.

(S30)
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Also, we can show that

Ern1
is “ E

„ M
ÿ

l“1
δIli

ȷ

“

M
ÿ

l“1
ErδIlis

“ MErδIis

“ M
ni
ÿ

j“1
P pI “ i, J “ jq

“ MP pI “ iq

“
nixwij̃y

xxwĩj̃yy
.

(S31)

Using the above results, we can transform the last line of Eq. (S28) as follows:

1
M

L
ÿ

i“1

"

E
„ n1

i
ÿ

l“1
k2

iJl

ȷ

´ 2EJ |I“irkIJ sE
„ n1

i
ÿ

l“1
kiJl

ȷ

` Ern1
isEJ |I“irkIJ s

2
*

“
1

M

L
ÿ

i“1

"

nixwij̃y

xxwĩj̃yy
EJ |I“irk

2
IJ s ´ 2EJ |I“irkIJ s

nixwij̃y

xxwĩj̃yy
EJ |I“irkIJ s `

nixwij̃y

xxwĩj̃yy
EJ |I“irkIJ s

2
*

“
1

M

L
ÿ

i“1

"

nixwij̃y

xxwĩj̃yy
EJ |I“irk

2
IJ s ´

nixwij̃y

xxwĩj̃yy
EJ |I“irkIJ s

2
*

“
1

M

L
ÿ

i“1

nixwij̃y

xxwĩj̃yy

␣

EJ |I“irk
2
IJ s ´ EJ |I“irkIJ s

2( .

(S32)

The conditional expectation in the last line of Eq. (S32) can be calculated as follows:

EJ |I“irk
2
IJ s ´ EJ |I“irkIJ s

2

“

ni
ÿ

j“1
P pJ “ j|i “ iqk2

ij ´

ˆ ni
ÿ

j“1
P pJ “ j|i “ iqkij

˙2

“

ni
ÿ

j“1

wij

nixwij̃y
k2

ij ´

ˆ ni
ÿ

j“1

wij

nixwij̃y
kij

˙2

“ xwij̃y
´1 1

ni

ni
ÿ

j“1
wijk

2
ij ´

ˆ

xwij̃y
´1 1

ni

ni
ÿ

j“1
wijkij

˙2

“ xwij̃y
´1

´

covij̃rwij, k2
ijs ` xwij̃yxk2

ij̃y

¯

´
␣

xwij̃y
´1 `covij̃rwij, kijs ` xwij̃yxkij̃y

˘(2

“ xwij̃y
´1covij̃rwij, k2

ijs ` xk2
ij̃y ´

␣

xwij̃y
´1covij̃rwij, kijs ` xkij̃y

(2

“ vwi ` xwij̃y
´1covij̃rwij, k2

ijs ´
␣

xwij̃y
´1covij̃rwij, kijs

(2
´ 2xwij̃y

´1covij̃rwij, kijsxkij̃y

“ vwi ` xwij̃y
´1covij̃

“

wij, pkij ´ xkij̃yq
2‰

´
␣

xwij̃y
´1covij̃rwij, kijs

(2
,

(S33)
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where we used the fact that xk2
ij̃

y´xkij̃y2 “ vwi. The last line of Eq. (S33) can be interpreted as
the expected variance of kij within collective i after one iteration of the Wright-Fisher process
excluding the effect of random sampling. Thus, let us introduce the following symbol:

∆svwi :“
`

EJ |I“irk
2
IJ s ´ EJ |I“irkIJ s

2˘
´ vwi

“ xwij̃y
´1covij̃

“

wij, pkij ´ xkij̃yq
2‰

´
␣

xwij̃y
´1covij̃rwij, kijs

(2
,

(S34)

which denotes the expected change of the variance of kij within collective i due to within-
collective selection.

Combining Eqs. (S28), (S32), (S33), and (S34), we can transform the first term in the last
line of Eq. (S27) as follows

1
M

L
ÿ

i“1
E

«

n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘2
ff

“
1

M

L
ÿ

i“1

nixwij̃y

xxwĩj̃yy
pvwi ` ∆svwiq (S35)

Next, we calculate the second term in the last line of Eq. (S27) as follows:

1
M

L
ÿ

i“1
E
”

n1
i

`

xkiJl̃
y ´ EJ |I“irkIJ s

˘2
ı

“
1

M

L
ÿ

i“1
E

«

n1
i

ˆ

1
n1

i

n1
i

ÿ

l“1
kiJl

´
1
n1

i

n1
i

ÿ

l“1
EJ |I“irkIJ s

˙2
ff

“
1

M

L
ÿ

i“1
E

«

n1
i

"

1
n1

i

n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘

*2
ff

“
1

M

L
ÿ

i“1
E

«

1
n1

i

" n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘

*2
ff

“
1

M

L
ÿ

i“1
E

«

1
n1

i

" n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘2

` 2
ÿ

m‰l

`

kiJl
´ EJ |I“irkIJ s

˘ `

kiJm ´ EJ |I“irkIJ s
˘

*

ff

“
1

M

L
ÿ

i“1
E

«

1
n1

i

n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘2
ff

,

(S36)

where we used the fact that kiJl
and kiJm are independent of each other for l ‰ m in the final

step. Since n1
i can be zero, the last line of Eq. (S36) needs to interpreted as follows:

1
n1

i

n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘2
“

#

0, if n1
i “ 0

1
n1

i

řn1
i

l“1
`

kiJl
´ EJ |I“irkIJ s

˘2
, if n1

i ą 0.
(S37)

Thus,

E

«

1
n1

i

n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘2
ff

“

#

0, if n1
i “ 0

EJ |I“irk
2
IJ s ´ EJ |I“irkIJ s2, if n1

i ą 0,
(S38)
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where the case for n1
i ą 0 follows from a calculation similar to Eqs. (S28) and (S32).

To calculate the last line of Eq. (S36), we separate the case where n1
i ą 0 @i P t1, 2, 3, ¨ ¨ ¨ , Lu

and the case where n1
i “ 0 for some i P t1, 2, 3, ¨ ¨ ¨ , Lu. Let S be a proper subset of

t1, 2, 3, ¨ ¨ ¨ , Lu, and P pSq be the probability that n1
i “ 0 @i P S and n1

i ą 0 @i R S. The value
of P pSq can be estimated as follows:

P pSq ď

«

1 ´
ÿ

iPS

P pI “ iq

ffM

“

«

1 ´
ÿ

iPS

nixwij̃y

Mxxwĩj̃yy

ffM

« exp
˜

´
ÿ

iPS

nixwij̃y

xxwĩj̃yy

¸

,

(S39)

where the RHS of the first inequality is the probability that n1
i “ 0 @i P S and n1

i ě 0 @i R S.
Using these symbols and Eq. (S34), we can express the last line of Eq. (S36) as follows:

1
M

L
ÿ

i“1
E

«

1
n1

i

n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘2
ff

,

“
1

M

ÿ

S

P pSq
ÿ

iRS

`

EJ |I“irk
2
IJ s ´ EJ |I“irkIJ s

2˘

“
1

M

ÿ

S

P pSq
ÿ

iRS

pvwi ` ∆svwiq

“
1

M

ÿ

S

P pSq

«

L
ÿ

i“1
pvwi ` ∆svwiq ´

ÿ

iPS

pvwi ` ∆svwiq

ff

“
1

M

L
ÿ

i“1
pvwi ` ∆svwiq ´

1
M

ÿ

S‰H

P pSq
ÿ

iPS

pvwi ` ∆svwiq

(S40)

where
ř

S is a summation over all possible S Ă t1, 2, ¨ ¨ ¨ , Lu, and
ř

S‰H
is the same sum-

mation excluding the case where S is empty.
We assume that the second term of the last line of Eq. (S40) is negligible for the following

reasons. If ni " 1 for some i P S, then Eq. (S39) implies that P pSq « 0. Contrariwise, if the
statement that ni " 1 is false for all i P S, then the value of

ř

iPSpvwi ` ∆svwiq is likely to be
small because ni is small. Under this assumption, Eq. (S40) implies that

1
M

L
ÿ

i“1
E

«

1
n1

i

n1
i

ÿ

l“1

`

kiJl
´ EJ |I“irkIJ s

˘2
ff

«
1

M

L
ÿ

i“1
pvwi ` ∆svwiq . (S41)
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The second term of Eq. (S25) is calculated as follows:

E

«

1
M

L
ÿ

i“1

n1
i

ÿ

l“1

`

ϵiJl
´ xϵiJl̃

y
˘2
ff

“ E

«

1
M

L
ÿ

i“1

n1
i

ÿ

l“1

`

ϵ2
iJl

´ 2xϵiJl̃
yϵiJl

` xϵiJl̃
y

2˘
ff

“ E

«

1
M

L
ÿ

i“1

ˆ n1
i

ÿ

l“1
ϵ2

iJl
´ 2xϵiJl̃

y

n1
i

ÿ

l“1
ϵiJl

` xϵiJl̃
y

2
n1

i
ÿ

l“1

˙

ff

“ E

«

1
M

L
ÿ

i“1

ˆ n1
i

ÿ

l“1
ϵ2

iJl
´ 2n1

ixϵiJl̃
y

2
` n1

ixϵiJl̃
y

2
˙

ff

“ E

«

1
M

L
ÿ

i“1

ˆ n1
i

ÿ

l“1
ϵ2

iJl
´ n1

ixϵiJl̃
y

2
˙

ff

“ E

«

1
M

M
ÿ

l“1
ϵ2

IlJl
´

1
M

L
ÿ

i“1
n1

ixϵiJl̃
y

2

ff

“ E

«

1
M

M
ÿ

l“1
ϵ2

IlJl
´

1
M

L
ÿ

i“1
n1

i

ˆ

1
n1

i

n1
i

ÿ

l“1
ϵIlJl

˙2
ff

“ mσ ´
1

M
E

«

L
ÿ

i“1

1
n1

i

ˆ n1
i

ÿ

l“1
ϵIlJl

˙2
ff

“ mσ ´
1

M
E

«

L
ÿ

i“1

1
n1

i

ˆ n1
i

ÿ

l“1
ϵ2

IlJl
` 2

ÿ

l‰m

ϵIlJl
ϵImJm

˙

ff

“ mσ ´
1

M
E

«

L
ÿ

i“1

1
n1

i

n1
i

ÿ

l“1
ϵ2

IlJl

ff

“ mσ ´
1

M

ÿ

S

P pSq
ÿ

iRS

Erϵ2
IJ s

“ mσ ´
1

M

ÿ

S

P pSq

ˆ L
ÿ

i“1
mσ ´

ÿ

iPS

mσ

˙

“ mσ ´
L

M
mσ `

1
M

ÿ

S

P pSq
ÿ

iPS

mσ

“

ˆ

1 ´
L

M
`

1
M

ÿ

S

P pSq|S|

˙

mσ,

«

ˆ

1 ´
L

M

˙

mσ,

(S42)

where |S| is the number of elements in S, and we have assumed that
ř

S P pSq|S| ! L in the
last step.
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Combining Eqs. (S25), (S27), (S35), (S36), (S41), and (S42), we obtain

Erv1
ws «

1
M

L
ÿ

i“1

nixwij̃y

xxwĩj̃yy
tvwi ` ∆svwiu

´
1

M

L
ÿ

i“1
tvwi ` ∆svwiu `

ˆ

1 ´
L

M

˙

mσ

“ xxwĩj̃yy
´1covĩ

“

xwij̃y, vwi ` ∆svwi

‰

` M´1
L
ÿ

i“1
ni pvwi ` ∆svwiq

´ M´1
L
ÿ

i“1
nin

´1
i tvwi ` ∆svwiu ` M´1

L
ÿ

i“1
nip1 ´ n´1

i qmσ.

“ xxwĩj̃yy
´1covĩ

“

xwij̃y, vwi ` ∆svwi

‰

` M´1
L
ÿ

i“1
nip1 ´ n´1

i q pvwi ` ∆svwi ` mσq

“ xxwĩj̃yy
´1covĩ

“

xwij̃y, vwi ` ∆svwi

‰

` aveĩ

“

p1 ´ n´1
i q pvwi ` ∆svwi ` mσq

‰

“ aveĩ

“

p1 ´ n´1
i q pvwi ` ∆svwi ` mσq

‰

,

(S43)

where we have assumed in the last step that xwij̃y and vwi`∆svwi are statistically uncorrelated
as i varies, as we have assumed in Eq. (S17).

To enable the further calculation of Eq. (S43), we assume that

ni “ βN´1. (S44)

Under this assumption, we can transform Eq. (S43) as follows

Erv1
ws « aveĩ

“

p1 ´ n´1
i q pvwi ` mσ ` ∆svwiq

‰

«
`

1 ´ βN´1˘ aveĩ

”

vwi ` mσ ` xwij̃y
´1covij̃

“

wij, pkij ´ xkij̃yq
2‰

´
␣

xwij̃y
´1covij̃rwij, kijs

(2
ı

.

“
`

1 ´ βN´1˘
´

vw ` mσ ` aveĩ

“

xwij̃y
´1covij̃rwij, pkij ´ xkij̃yq

2
s
‰

` Ops2
wq

¯

,

(S45)

where we used Eq. (S16) in the last step. Expanding wij as a Taylor series around kij “ xkij̃y,
we can show that

xwij̃y
´1covij̃rwij, pkij ´ xkij̃yq

2
s “ ´swcwi ` Ops2

wq, (S46)

where cwi :“ xpkij̃ ´ xkij̃yq3y, and that

aveĩ

“

xwij̃y
´1covij̃rwij, pkij ´ xkij̃yq

2
s
‰

“ ´swcw ` Ops2
wq, (S47)

where cw :“ aveĩrcwis. Substituting Eq. (S47) into Eq. (S45), we obtain

Erv1
ws «

`

1 ´ βN´1˘ `vw ` mσ ´ swcw ` Ops2
wq
˘

. (S48)
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3.2 Calculation of E rv1
as

To calculate E rv1
as, we first calculate E rv1

ts and then use the fact that E rv1
as “ E rv1

ts´E rv1
ws.

We can express E rv1
ts as follows:

E rv1
ts “ E

«

1
M

M
ÿ

l“1

"

kIlJl
` ϵiJl

´
1

M

M
ÿ

l“1
pkIlJl

` ϵiJl
q

*2
ff

“

ˆ

1 ´
1

M

˙

E
“

pkIJ ´ ErkIJ sq
2‰

`

ˆ

1 ´
1

M

˙

mσ,

(S49)

where we used the fact that kIlJl
and ϵiJl

are independent of each other, as we did in Eqs. (S23),
(S24), and (S25).

The first term of the last line of Eq. (S49) is calculated as follows:

E
“

pkIJ ´ ErkIJ sq
2‰

“ Er

”

`

kij ´ EJ |I“irkIJ s ` EJ |I“irkIJ s ´ ErkIJ s
˘2
ı

“ E
”

`

kij ´ EJ |I“irkIJ s
˘2
ı

` E
”

`

EJ |I“irkIJ s ´ ErkIJ s
˘2
ı

´ 2E
”

`

kij ´ EJ |I“irkIJ s
˘ `

EJ |I“irkIJ s ´ ErkIJ s
˘

ı

“ E
”

`

kij ´ EJ |I“irkIJ s
˘2
ı

` E
”

`

EJ |I“irkIJ s ´ ErkIJ s
˘2
ı

´ 2
L
ÿ

i“1

ni
ÿ

j“1
P pI “ i, J “ jq

`

EJ |I“irkIJ s ´ ErkIJ s
˘ `

kij ´ EJ |I“irkIJ s
˘

“ E
”

`

kij ´ EJ |I“irkIJ s
˘2
ı

` E
”

`

EJ |I“irkIJ s ´ ErkIJ s
˘2
ı

´ 2
L
ÿ

i“1
P pI “ iq

`

EJ |I“irkIJ s ´ ErkIJ s
˘

ni
ÿ

j“1
P pJ “ j|I “ iq

`

kij ´ EJ |I“irkIJ s
˘

“ E
”

`

kij ´ EJ |I“irkIJ s
˘2
ı

` E
”

`

EJ |I“irkIJ s ´ ErkIJ s
˘2
ı

(S50)
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The first term of the last line of Eq. (S50) is calculated as follows:

E
”

`

kij ´ EJ |I“irkIJ s
˘2
ı

“ E
”

k2
ij ´ 2EJ |I“irkIJ skij ` EJ |I“irkIJ s

2
q

ı

“

L
ÿ

i“1

ni
ÿ

j“1
P pI “ i, J “ jq

`

k2
ij ´ 2EJ |I“irkIJ skij ` EJ |I“irkIJ s

2˘

“

L
ÿ

i“1
P pI “ iq

ˆ ni
ÿ

j“1
P pJ “ j|I “ iqk2

ij

´ 2EJ |I“irkIJ s

ni
ÿ

j“1
P pJ “ j|I “ iqkij ` EJ |I“irkIJ s

2
˙

“

L
ÿ

i“1
P pI “ iq

`

EJ |I“irk
2
IJ s ´ EJ |I“irkIJ s

2˘

“

L
ÿ

i“1

nixwij̃y

Mxxwĩj̃yy

`

EJ |I“irk
2
IJ s ´ EJ |I“irkIJ s

2˘

“

L
ÿ

i“1

nixwij̃y

Mxxwĩj̃yy
pvwi ` ∆svwiq ,

“ xxwĩj̃yy
´1covĩ

“

xwij̃y, vwi ` ∆svwi

‰

` M´1
L
ÿ

i“1
ni pvwi ` ∆svwiq

“ aveĩ rvwi ` ∆svwis ,

(S51)

where we used Eq. (S34) and the assumption that xwij̃y and vwi ` ∆svwi are statistically
uncorrelated as i varies, which has already been made in Eq. (S17). Using Eq. (S16) and
(S47), we can transform the last line of Eq. (S51) as follows:

aveĩ rvwi ` ∆svwis “ vw ´ swcw ` Ops2
wq. (S52)

Therefore,

E
”

`

kij ´ EJ |I“irkIJ s
˘2
ı

“ vw ´ swcw ` Ops2
wq. (S53)

The second term of the last line of Eq. (S50) is calculated as follows:

E
”

`

EJ |I“irkIJ s ´ ErkIJ s
˘2
ı

“ E
“

EJ |I“irkIJ s
2

´ 2ErkIJ sEJ |I“irkIJ s ` ErkIJ s
2‰

“

L
ÿ

i“1

ni
ÿ

j“1
P pI “ i, J “ jq

`

EJ |I“irkIJ s
2

´ 2ErkIJ sEJ |I“irkIJ s ` ErkIJ s
2˘

“

L
ÿ

i“1
P pI “ iqEJ |I“irkIJ s

2
´ 2ErkIJ s

L
ÿ

i“1
P pI “ iqEJ |I“irkIJ s ` ErkIJ s

2

“

L
ÿ

i“1
P pI “ iqEJ |I“irkIJ s

2
´ ErkIJ s

2

(S54)
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The first term of the last line of Eq. (S54) is calculated as follows:

L
ÿ

i“1
P pI “ iqEJ |I“irkIJ s

2

“

L
ÿ

i“1
P pI “ iq

„ ni
ÿ

j“1
P pJ “ j|I “ iqkij

ȷ2

“

L
ÿ

i“1
P pI “ iq

„ ni
ÿ

j“1

wij

nixwij̃y
kij

ȷ2

“

L
ÿ

i“1
P pI “ iq

„

1
xwij̃yni

ni
ÿ

j“1
wijkij

ȷ2

“

L
ÿ

i“1
P pI “ iq

“

xwij̃y
´1covij̃rwij, kijs ` xkij̃y

‰2

“

L
ÿ

i“1

nixwij̃y

Mxxwĩj̃yy

“

xwij̃y
´1covij̃rwij, kijs ` xkij̃y

‰2

“ xxwĩj̃yy
´1

L
ÿ

i“1

ni

M
xwij̃y

“

xwij̃y
´1covij̃rwij, kijs ` xkij̃y

‰2

“ xxwĩj̃yy
´1 covĩ

”

xwij̃y,
␣

xwij̃y
´1covij̃rwij, kijs ` xkij̃y

(2
ı

` aveĩ

”

␣

xwij̃y
´1covij̃rwij, kijs ` xkij̃y

(2
ı

“ xxwĩj̃yy
´1 covĩ

”

xwij̃y,
`

xkij̃y ` ∆sxkij̃y
˘2
ı

` aveĩ

”

`

xkij̃y ` ∆sxkij̃y
˘2
ı

,

(S55)

where we have used the following notation in the final step:

∆sxkij̃y :“ xwij̃y
´1covij̃rwij, kijs. (S56)

The second term of the last line of Eq. (S54) is calculated as follows:

ErkIJ s
2

“

˜

L
ÿ

i“1

ni
ÿ

j“1
P pI “ i, J “ jqkij

¸2

“

˜

L
ÿ

i“1
P pI “ iq

ni
ÿ

j“1
P pJ “ j|I “ iqkij

¸2

“

˜

L
ÿ

i“1
P pI “ iqEJ |I“irkIJ s

¸2

“

«

L
ÿ

i“1

nixwij̃y

Mxxwĩj̃yy
EJ |I“irkIJ s

ff2

.

(S57)
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Doing the same calculation as in Eq. (S55), we can transform Eq. (S57) as follows:
«

L
ÿ

i“1

nixwij̃y

Mxxwĩj̃yy
EJ |I“irkIJ s

ff2

“

«

L
ÿ

i“1

nixwij̃y

Mxxwĩj̃yy

`

xkij̃y ` ∆sxkij̃y
˘

ff2

“
`

xxwĩj̃yy
´1covĩ

“

xwij̃y, xkij̃y ` ∆sxkij̃y
‰

` aveĩ

“

xkij̃y ` ∆sxkij̃y
‰˘2

(S58)

Combining Eqs. (S54), (S55), and (S58), we obtain

E
”

`

EJ |I“irkIJ s ´ ErkIJ s
˘2
ı

“ xxwĩj̃yy
´1 covĩ

”

xwij̃y,
`

xkij̃y ` ∆sxkij̃y
˘2
ı

` aveĩ

”

`

xkij̃y ` ∆sxkij̃y
˘2
ı

´
`

xxwĩj̃yy
´1covĩ

“

xwij̃y, xkij̃y ` ∆sxkij̃y
‰

` aveĩ

“

xkij̃y ` ∆sxkij̃y
‰˘2

“ xxwĩj̃yy
´1 covĩ

”

xwij̃y,
`

xkij̃y ` ∆sxkij̃y
˘2
ı

` aveĩ

”

`

xkij̃y ` ∆sxkij̃y
˘2
ı

´
`

xxwĩj̃yy
´1covĩ

“

xwij̃y, xkij̃y ` ∆sxkij̃y
‰˘2

´
`

aveĩ

“

xkij̃y ` ∆sxkij̃y
‰˘2

´ 2xxwĩj̃yy
´1covĩ

“

xwij̃y, xkij̃y ` ∆sxkij̃y
‰

aveĩ

“

xkij̃y ` ∆sxkij̃y
‰

“ xxwĩj̃yy
´1 covĩ

”

xwij̃y,
`

xkij̃y ` ∆sxkij̃y ´ aveĩ

“

xkij̃y ` ∆sxkij̃y
‰˘2

ı

´
`

xxwĩj̃yy
´1covĩ

“

xwij̃y, xkij̃y ` ∆sxkij̃y
‰˘2

` aveĩ

”

`

xkij̃y ` ∆sxkij̃y
˘2
ı

´
`

aveĩ

“

xkij̃y ` ∆sxkij̃y
‰˘2

“ xxwĩj̃yy
´1 covĩ

”

xwij̃y,
`

xkij̃y ` ∆sxkij̃y ´ aveĩ

“

xkij̃y ` ∆sxkij̃y
‰˘2

ı

´
`

xxwĩj̃yy
´1covĩ

“

xwij̃y, xkij̃y ` ∆sxkij̃y
‰˘2

` aveĩ

”

`

xkij̃y ` ∆sxkij̃y ´ aveĩ

“

xkij̃y ` ∆sxkij̃y
‰˘2

ı

(S59)

We consider each term in the last line of Eq. (S59) in terms of the order of sa and sw. We
begin with the first term.

xxwĩj̃yy
´1 covĩ

”

xwij̃y,
`

xkij̃y ` ∆sxkij̃y ´ aveĩ

“

xkij̃y ` ∆sxkij̃y
‰˘2

ı

xxwĩj̃yy
´1 covĩ

”

xwij̃y,
`

xkij̃y ´ xxkĩj̃yy ` ∆sxkij̃y ´ aveĩ

“

∆sxkij̃y
‰˘2

ı

“ xxwĩj̃yy
´1 covĩ

”

xwij̃y,
`

xkij̃y ´ xxkĩj̃yy
˘2

`
`

∆sxkij̃y ´ aveĩ

“

∆sxkij̃y
‰˘2

´ 2
`

xkij̃y ´ xxkĩj̃yy
˘ `

∆sxkij̃y ´ aveĩ

“

∆sxkij̃y
‰˘

ı

“ xxwĩj̃yy
´1 covĩ

”

xwij̃y,
`

xkij̃y ´ xxkĩj̃yy
˘2
ı

` Ops2
wq

´ 2xxwĩj̃yy
´1 covĩ

”

xwij̃y,
`

xkij̃y ´ xxkĩj̃yy
˘ `

∆sxkij̃y ´ aveĩ

“

∆sxkij̃y
‰˘

ı

,

(S60)

where we used Eqs. (S16) and (S17) in the last step. The last term of the last line of
Eq. (S60) is zero because ∆sxkij̃y is independent of xkij̃y and xwij̃y, a fact that stems from
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the assumptions that Bsw{Bxkijy “ 0 (see the main text under “Model”) and that vwi is
statistically uncorrelated with xwij̃y as i varies [see Eq. (S17)]. Thus, expanding xwij̃y as a
Taylor series around xkij̃y “ xxkĩj̃yy, we can transform the last line of Eq. (S60) as follows:

xxwĩj̃yy
´1 covĩ

”

xwij̃y,
`

xkij̃y ´ xxkĩj̃yy
˘2
ı

` Ops2
wq “ saca ` Ops2

wq ` Ops2
aq, (S61)

where we introduced the following symbol:

ca :“ aveĩ

”

`

xkij̃y ´ xxkĩj̃yy
˘3
ı

. (S62)

Next, we consider the second term of the last line of Eq. (S59). Equation (S15) implies
that

`

xxwĩj̃yy
´1covĩ

“

xwij̃y, xkij̃y ` ∆sxkij̃y
‰˘2

“ Ops2
aq. (S63)

Finally, we consider the third term of the last line of Eq. (S59) as follows:

aveĩ

”

`

xkij̃y ` ∆sxkij̃y ´ aveĩ

“

xkij̃y ` ∆sxkij̃y
‰˘2

ı

“ aveĩ

”

`

xkij̃y ´ xxkĩj̃yy ` ∆sxkij̃y ´ aveĩ

“

∆sxkij̃y
‰˘2

ı

“ aveĩ

”

`

xkij̃y ´ xxkĩj̃yy
˘2

`
`

∆sxkij̃y ´ aveĩ

“

∆sxkij̃y
‰˘2

` 2
`

xkij̃y ´ xxkĩj̃yy
˘ `

∆sxkij̃y ´ aveĩ

“

∆sxkij̃y
‰˘

ı

“ aveĩ

”

`

xkij̃y ´ xxkĩj̃yy
˘2
ı

` aveĩ

”

`

∆sxkij̃y ´ aveĩ

“

∆sxkij̃y
‰˘2

ı

` 2aveĩ

”

`

xkij̃y ´ xxkĩj̃yy
˘ `

∆sxkij̃y ´ aveĩ

“

∆sxkij̃y
‰˘

ı

“ aveĩ

”

`

xkij̃y ´ xxkĩj̃yy
˘2
ı

` aveĩ

”

`

∆sxkij̃y ´ aveĩ

“

∆sxkij̃y
‰˘2

ı

“ aveĩ

”

`

xkij̃y ´ xxkĩj̃yy
˘2
ı

` Ops2
wq,

“ va ` Ops2
wq,

(S64)

where we have assumed that xkij̃y and ∆sxkij̃y are statistically uncorrelated, an assumption
that is essentially the same as the assumption made in Eq. (S17) that vwi and xwij̃y are
statistically uncorrelated.

Combining Eq. (S59), (S60), (S61), (S63), and (S64), we obtain

E
”

`

EJ |I“irkIJ s ´ ErkIJ s
˘2
ı

“ va ` saca ` Ops2
aq ` Ops2

wq. (S65)

Combining Eq. (S49), (S50), (S53), and (S65), we obtain

E rv1
ts “

`

1 ´ M´1˘ `va ` saca ` vw ´ swcw ` mσ ` Ops2
aq ` Ops2

wq
˘

. (S66)

Substituting Eqs. (S48) and (S66) into E rv1
as “ E rv1

ts ´ E rv1
ws, we obtain

E rv1
as «

`

1 ´ M´1˘ `va ` saca ` vw ´ swcw ` mσ ` Ops2
aq ` Ops2

wq
˘

´
`

1 ´ βN´1˘ `vw ` mσ ´ swcw ` Ops2
wq
˘

“
`

1 ´ M´1˘ `va ` saca ` Ops2
aq ` Ops2

wq
˘

`
`

βN´1
´ M´1˘ `vw ` mσ ´ swcw ` Ops2

wq
˘

(S67)
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4 Estimation of γa

Tsimring et al. [1] have investigated the time evolution of the probability density ppr, tq of
fitness r subject to mutation and selection. In this section, we show that the results of
Tsimring et al. [1] imply C « ´0.25V 3{2, where V and C are the variance and the third
central moment of ppr, tq, respectively. This implication is consistent with our postulate
ca “ ´γav3{2

a made in Eq. (9) of the main text, where γa was measured to be about 0.25
through simulations.

Tsimring et al. [1] have considered the following equation, which describes the time evo-
lution of ppr, tq:

B

Bt
ppr, tq “ θpp ´ pcq pr ´ xryq ppr, tq ` D

B2

Br2 ppr, tq, (S68)

where θpxq is the Heaviside step function, and xry is the average fitness defined as

xfprqy “

ż 8

´8

fprqppr, tqdr,

and D is a diffusion constant. The first term on the RHS of Eq. (S68) describes the effect
of selection; the second term, that of mutation. The Heaviside step function accounts for
the fact that the probability density ppr, tq must exceed a small threshold density pc to grow
because the size of a population is not infinite in reality. Tsimring et al. have shown that
Eq. (S68) allows a travelling-wave solution, in which the peak of the density travels toward
higher values of r, while maintaining a pulse-like shape, at a steady-state speed (denoted by
v)

v “ cD2{3, (S69)
where the value of c depends weakly on pc and is around 4 in a wide range of pc [1].

Multiplying both sides of Eq. (S68) with r or pr ´ xryq2 and integrating over the whole
range, we get

d

dt
xry “ V ´ ϵ1, (S70)

d

dt
V “ C ´ ϵ2 ` 2D, (S71)

where V , C, ϵ1, and ϵ2 are defined as follows:

V “ xpr ´ xryq
2
y, (S72)

C “ xpr ´ xryq
3
y, (S73)

ϵ1 “
@

θppc ´ pq pr ´ xryq
2D , (S74)

ϵ2 “
@

θppc ´ pq pr ´ xryq
3D . (S75)

In obtaining Eqs. (S70) and (S71), we have assumed that the surface terms go to zero as r Ñ

˘8; i.e., limrÑ˘8 P pr, tq “ 0, limrÑ˘8 rP pr, tq “ 0, limrÑ˘8 r Bp
Br

“ 0, and limrÑ˘8 r2 Bp
Br

“ 0.
For a travelling-wave solution of Eq. (S68) with a constant speed v and shape, Eq. (S70)

implies
v “ V ´ ϵ1. (S76)
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Table S1: Correspondence between Kimura’s notation [2] and ours.
Kimura’s ours description

c sa among-collective selection coefficient
v m mutation rate per generation from non-altruistic to altruistic allele
v1 m reverse mutation rate; we assumed v “ v1

s1 sw within-collective selection coefficient
m 0 among-collective migration rate
2N β´1N number of alleles per collective; Kimura considers diploid
8 M total number of alleles

From Eqs. (S69) and (S76), we get

D “

ˆ

V ´ ϵ1

c

˙3{2

. (S77)

Since v and ϵ1 are constant, Eq. (S76) implies dV {dt “ 0. Thus, Eq. (S71) implies

C “ ´2D ` ϵ2. (S78)

Equations (S77) and (S78) imply

C “ ´2
ˆ

V ´ ϵ1

c

˙3{2

` ϵ2 « ´2c´3{2V 3{2,

where we have assumed ϵ1 ! V and ϵ2 ! V to obtain the last term. Since c is about 4
according to Tsimring et al. [1], we get

C « ´0.25V 3{2.

5 Converting Kimura’s notation into ours
Kimura [2] has investigated a binary-trait model of multilevel selection and shown that within-
collective selection exactly balances out among-collective selection if

c

v ` v1 ` m
´ 4Ns1

“ 0, (S79)

where the symbols are as described in Table S1 (see also the next paragraph). Equation (S79)
includes Eq. (17) of the main text as a special case. Equation (S79) appears as Eq. (27) of
Ref. [2] or Eq. (4.8) of Ref. [3] as and is derived therein under the assumption that the steady-
state frequency of the altruistic allele is identical to that in the absence of selection, an
approximation that is expected to be valid in the limit of weak selection.

To convert Kimura’s notation into ours, we assumed that the rate of mutation from a
non-altruistic to an altruistic allele is identical to the rate of mutation from the altruistic to
the non-altruistic allele, so that the direction of mutation is unbiased as in our quantitative-
trait model. Moreover, we assumed that the migration rate among collectives is zero since
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our model does not consider migration. Finally, we took account of the fact that Kimura’s
model considers diploid as follows. In Kimura’s model, each collective consists of N diploid
individuals, i.e., 2N alleles. The number of alleles per collective can be considered as the
average number of replicators per collective in our model (i.e., β´1N) because Kimura’s
model assumes no dominance.

6 Derivation of Kimura’s result through our method
In this section, we derive Eq. (17) of the main text, which gives parameter-region boundaries
of the binary-trait model, using the method developed in the main text. The most important
difference between the binary-trait and quantitative-trait models resides in the definition of
ϵIJ . Thus, we consider only terms involving ϵ or mσ as described below.

First, we show that the change in the definition of ϵIJ does not affect the condition for
the parameter-region boundary given by Eq. (3). In the binary-trait model, ϵIJ “ 0 with
probability 1 ´ m and ϵIJ “ 1 ´ 2kIJ with probability m (I and J are random variables
taking the indices of a sampled replicator, as defined in Section 1). Thus,

E rϵIJ s “

L
ÿ

i“1

ni
ÿ

j“1
P pI “ i, J “ jq

ż

dP pϵIJqϵIJ

“

L
ÿ

i“1

ni
ÿ

j“1

wij

Mxxwĩj̃yy
mp1 ´ 2kijq

“ mp1 ´ 2xxkĩj̃yyq ` Ops2
w ` s2

a ` msw ` msaq.

(S80)

Therefore, Eq. (4) needs to be modified as follows:
E
“

∆xxkĩj̃yy
‰

“ sava ´ swvw ` mp1 ´ 2xxkĩj̃yyq ` Ops2
w ` s2

a ` msw ` msaq. (S81)
This equation, however, becomes almost identical to Eq. (4) if the parameters are on the
parameter-region boundary, on which xxkĩj̃yy “ 1{2. Thus, the condition for the parameter-
region boundary when sa, sw, and m are sufficiently small is the same as in the quantitative-
trait model.

Next, we consider Eq. (5) and show that the change in the definition of ϵIJ makes a
significant difference, which explains the difference between the binary- and quantitative-trait
models. In Eq. (5), mσ represents the difference between vt and the variance of kIJ ` ϵIJ .
In the quantitative-trait model, this difference is simply the variance of ϵIJ because ϵIJ and
kIJ are independent of each other. In the binary-trait model, however, ϵIJ and kIJ are not
independent, and this fact affects Eq. (5), as follows. Under the assumption that sa “ sw “ 0,
the variance of kIJ ` ϵIJ in the binary-trait model is

E
“

pkIJ ` ϵIJ ´ E rkIJ ` ϵIJ sq
2‰

“ p1 ´ E rkIJ ` ϵIJ sq
2P pkIJ ` ϵIJ “ 1q

` p0 ´ E rkIJ ` ϵIJ sq
2P pkIJ ` ϵIJ “ 0q ,

(S82)

where
P pkIJ ` ϵIJ “ 1q “ xxkĩj̃yy p1 ´ mq `

`

1 ´ xxkĩj̃yy
˘

m

P pkIJ ` ϵIJ “ 0q “
`

1 ´ xxkĩj̃yy
˘

p1 ´ mq ` xxkĩj̃yy m

E rkIJ ` ϵIJ s “ P pkIJ ` ϵIJ “ 1q .

(S83)
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Thus,

E
“

pkIJ ` ϵIJ ´ E rkIJ ` ϵIJ sq
2‰

“ vt ` mp1 ´ mq
`

1 ´ 2xxkĩj̃yy
˘2

, (S84)

where we used the fact that vt “ xxkĩj̃yyp1 ´ xxkĩj̃yyq. Therefore, the expected sample variance
of the next generation is

E rv1
ts “ p1 ´ M´1

q
“

vt ` mp1 ´ mqp1 ´ 2xxkĩj̃yyq
2‰ . (S85)

Likewise, under the assumption that all collectives always consist of β´1N replicators, the
expected sample variance within a collective of the next generation is

E rv1
wis “ p1 ´ βN´1

q
“

vwi ` mp1 ´ mqp1 ´ 2xkij̃yq
2‰ , (S86)

where the index of collectives i needs to be kept because xkij̃y depends on i. Averaging E rv1
wis

over i, we obtain

E rv1
ws « aveĩ rE rv1

wiss

“ p1 ´ βN´1
q
␣

vw ` mp1 ´ mq
“

p1 ´ 2xxkĩj̃yyq
2

` 4va
‰(

,
(S87)

where we used the fact that va “ aveĩrxkij̃y2s´xxkĩj̃yy2. Since Erv1
as “ Erv1

ts´Erv1
ws, we obtain

E rv1
as “

`

1 ´ M´1˘ va `
`

βN´1
´ M´1˘

”

vw ` mp1 ´ mq
`

1 ´ 2xxkĩj̃yy
˘2
ı

´ 4
`

1 ´ βN´1˘mp1 ´ mqva.
(S88)

If the systems is on a parameter-region boundary, xxkĩj̃yy “ 1{2. Thus, setting xxkĩj̃yy “ 1{2,
we obtain

E rv1
ws “ p1 ´ βN´1

q rvw ` 4mp1 ´ mqvas (S89)
E rv1

as “
`

1 ´ M´1˘ va `
`

βN´1
´ M´1˘ vw ´ 4

`

1 ´ βN´1˘m p1 ´ mq va. (S90)

To apply the condition for the parameter-region boundary vw{va « sa{sw, we need to calculate
the ratio vw{va. To this end, dividing Eq. (S89) by Eq. (S90) on each side, we obtain

E rv1
ws

E rv1
as

“
p1 ´ βN´1q

”

vw
va

` 4mp1 ´ mq

ı

p1 ´ M´1q ` pβN´1 ´ M´1qvw
va

´ 4p1 ´ βN´1qmp1 ´ mq
. (S91)

Assuming a steady state (i.e., Erv1
ws{Erv1

as “ vw{va), we obtain

vw

va
“

4mp1 ´ mqp1 ´ βN´1q

βN´1 ´ M´1 . (S92)

Using the condition vw{va « sa{sw, we obtain

4mp1 ´ mqp1 ´ βN´1q

βN´1 ´ M´1 «
sa

sw
. (S93)

If βN´1 ! 1, m ! 1, and M Ñ 8 (Kimura’s model assumes that M “ 8), we obtain
sa

sw
« 4mβ´1N, (S94)

which is the same as Eq. (17).
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7 Supplementary Figures

m
10-4 10-110-3 10-2

⟨ ⟩k~
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10-5

10-4

10-3

Figure S1: Rate of logarithmic fitness increase as function of mutation rate measured through
simulations with no within-collective selection (sw “ 0, sa “ 10´3, M “ 5 ˆ 105, and
σ “ 10´4). Fitness is defined as wij “ esaxkij̃y. Symbols have following meaning: N “ 102

(black circles); N “ 103 (blue triangle up); N “ 104 (orange triangle down); N “ 105 (green
diamond). Line is ∆xxkĩj̃yy{∆t 9 m2{3, as predicted by Eqs. (4) and (14) in main text. This
figure confirms that ∆xxkĩj̃yy{∆t 9 m2{3 in agreement with Ref. [1]. Note also that ∆xxkĩj̃yy is
roughly independent of N if N ! M , which is consistent with prediction of Eq. (14) in main
text.
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Figure S2: Average third central moment of kij within collective (cw) measured through
simulations (M “ 5 ˆ 105, σ “ 10´4, and sw “ sa “ 10´2). (a) Ratio between effect of
selection and that of random genetic drift on ∆vw as function of ∆xxkĩj̃yy{∆t: ∆xxkĩj̃yy{∆t ą 0
(black triangle up); ∆xxkĩj̃yy{∆t ă 0 (red triangle down). (b) |cw| as function of vw. Triangles
are simulation results: ∆xxkĩj̃yy{∆t ą 3 ˆ 10´7 (black triangle up); ∆xxkĩj̃yy{∆t ă 3 ˆ 10´7

(red triangle down). Line is |cw| 9 v3{2
w , as postulated in Eq. (9). Least squares fitting of

|cw| “ γwv3{2
w to data for ∆xxkĩj̃yy{∆t ă 3 ˆ 10´7 yielded γw « 0.25.
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Figure S3: Dynamics of common ancestors of collectives (m “ 0.01, M “ 5 ˆ 105 σ “

10´4, and sa “ sw “ 0.01). Plotted are number of replicators per collective (black; left
coordinate) and xkij̃y (orange; right coordinate). (a) N “ 5623. In this case, ∆xkĩj̃y ą 0,
and evolutionarily stable disequilibrium is not clearly observed. (b) N “ 17783. In this case,
∆xkĩj̃y ă 0, and evolutionarily stable disequilibrium is clearly observed.
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Figure S4: Parameter-sweep diagrams of binary-trait model (sw “ sa “ s and M “ 5 ˆ 105).
Symbols have following meaning: xxkĩj̃yy ą 1{2 (triangle up); xxkĩj̃yy ă 1{2 (triangle down).
Lines are estimated parameter-region boundaries. Parameter-region boundaries were esti-
mated as follows. Zeros of xxkĩj̃yy ´ 1{2 were estimated with linear interpolation with respect
to N from two simulation points around parameter-region boundary for various m values
between 10´5 and 10´1. Estimated zeros were used to obtain parameter-region boundary
through least squares regression of N 9 m´α.
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