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1 Necessary conditions for ensemble epistasis

1.1 Ensemble epistasis appears between two mutations in a three-conformation ensemble

We define epistasis between mutations 2 — A and b — B in AG; as the difference in the effect of # — A in the ab and aB backgrounds
(Fig 1A):

<AGobs AGc:bs) <AGobs Gobs) : (20)
AGf;:0ty P¢ is given by Equation 9:
genotype  ~genotype genotype
AGETPe — G = (G5 21)
where
__(8enotype genotype
<Gﬁ”"*”"’> — —RTIn <e Gi/RT 4 p= G/ RT) . (22)

We model mutations as having additive effects within each conformation i, j, or k. AG,, for each genotype is shown below
(reproducing Table 1 in the main text):

Table 2 Map between genotype and the thermodynamic description of AGgg:my re,
t t
Genotype AGfZS"O vpe <G}gke nop E>
ab Gt — (aGH) —RTIn (e*@f"b)/ Mie (G””)/RT)
Ab G+ AGY, — (AGHD) —RTIn ( ~(cpr+acy) /et G“h+AG££’k)/RT>
aB G+ AGE, — (aGE) —RTIn ( ~(cy+ac) /RT G"b+Angk)/RT)
b b b AB

AB Gi" + AGY; + MGy — <AGj,k > Nt A

RTIn (ei (Grr+aGi+aGy,)/ RT

o (G +AGH+AGE, ) /RT
If we substitute the relevant expressions for AGfZ:UW "¢ into our expression for ¢ (20), we get:

- ([Gfb +AGY; + AGE, — <cﬁk3>] - [AG?b +AGY, — <G;{E>D - ([AG?b +AGY, — <Gj{*kb>} - [Acfb - <G}{§>D (23)

e = AG!" +AGY, + AGH; — (GIF) — A" — G, + (GIF ) — AGE — AGH, + (G ) + aG — (Gif) (24)
- (o) +{aif) +{6¥) - (c) @)
e=—|((ef) — (eit)) - ({o¥) - (cih))] )

This cannot be simplified further, implying that e may be non-zero.
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1 1.2 To see ensemble epistasis, it is necessary to have three or more conformations
2 We can next consider the two-conformation case, where k is not populated. In this case:

Acfgsnatype _ Gigenatype . <G}genotype> <ngenotype> 27)
3 simplifies to:

<G;‘§€"0tyﬁf‘>  _RTIn (e’GfWWE/RT) _ G;qenotype. (28)
4 As in Section 1.1, we can write a table showing AG;s for each genotype:

Table 3 Map between genotype and the thermodynamic description of AGf;:Oty "¢ for a two-conformation ensemble.
Genotype Acggzoty pe
ab Glt}b o G]qh
b b b b
Ab G + AGY, — (G]’-’ + AGf‘M)
b b b b
B G + AGY:, — (G]’-‘ + AGg,].)
AB G + AGH, + MG, — (G + AGH, + G
5 If we substitute the relevant expressions for AGOg;:oty P into our expression for ¢, we get

&=
( [Gf’b +AGY + AGE, — (G;’b +AGY; + Acgm - [G,‘-’b b (G]‘?b + AG%Z-)] ) (29)
= (ler 5= (o +4y)] - e = ¢p"))
&=
G+ AGY; + AGE; — GI* — AGY; — AGY; — G* — AGH; + G + AGE)\ (30)

ab ab ab ab ab ab
6 All terms cancel, demonstrating it is necessary to have at least three conformations to observe ensemble epistasis.

7 1.3 To see ensemble epistasis, it is necessary for mutations a— A and b— B to have different effects on conformations j and k.

s To test the necessity of mutations having differential effects on conformations j and k, we set AG Bj = AGpy = AG}%’I,]jk' This means
s mutation b— B has the same effect on conformations j and k. In contrast, we left AG 4 ; # AG4 , meaning a— A has different effects on
o conformations j and k. Because b— B has identical effects and a— A has differential effects, this analysis tests whether it is necessary
1 for both mutations to have differential effects to observe ensemble epistasis.

12 Consider the expression for <Gﬁ£ >:
(GiF) = —RTIn (e—(Gf‘”+g’f,»k)/ RT |~ (GE+ac)/ RT) (31)
13 Because AG%Z’ ik is shared among terms, we can factor it out:
<G}ZE> = —RTin (37G7b/RTe_i’%fk/RT + e’Gl?b/RTe_gffk/RT) (32)
(AGIE) = —RTin (e 8/ KT (7 CF/RT 4 o= GU/RTY ) (33)
<AG]‘{E> = —RTIn (eiﬁgfik/m) — RTln (e_G}lb/RT + e’Gﬂb/RT) (34)
(AGIE) = AG:, — RTIn (¢ C1'/RT 4 o=GI/RT) (35)
(AGIE) = AGH, + (G (36)
14 Using the same reasoning, we can factor Angjk out of the expression for <AG]AkB >:
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(AGAP) = acgy + (i) (37)

We can then substitute these simplified expressions for <AG”B> and <AGAB> into the expression for &:

= ({93f) ~ (e¥")) - ((efk) ~ (6i¥)) @)
= ([act+{fh)] - [AG“jk+<Gf? 1) = ((eik) - (6)) ®)
e = a0+ (Gl —ack — (G ) () + (o) )

e=0. (41)

All terms cancel, demonstrating that it is necessary for both a—A and b— B to have differential effects on conformations j and k to
observe ensemble epistasis.

2 Ensembles can lead to high-order epistasis

In this section, we will investigate potential ensemble epistasis between three mutations. For this, we use a perturbative genetic model
that describes the effects of mutations and combinations of mutations as perturbations away from phenotype of the reference genotype
abc Weinreich et al. (2013); Sailer and Harms (2017a). The individual effects of mutations are described by B4, Bp, and B¢. Pairwise
interactions between mutations are given by € 45, € oc, and epc. The three-way interaction is given by € spc. In this formulation, € 4p¢
captures the quantitative change in phenotype for mutating abc—ABC that is not captured by f4 + Bp + Bc + €ap + €ac + €pc. We
can write the genetic and thermodynamic descriptions of each genotype in a table:

Table 4 Map between genotype and the thermodynamic description of AG‘ES?OW " for high-order epistatic interactions.

genotype genetic model Ggg;wtype

abc A gpe Gabe — <G'-Zbc>

Abc Kape + ,BA Gabc + AGubC <G]Akbc>

aBc Kape + ,BB Gabc + AGubC < ]uf >

abC Xgpe + ,BC Gabc + AGubc < abC >

ABc &gpc +Ba+ BB +eaB G + AGH + AGﬂbC - <fo‘ch>

AbC @gpe +Ba+Bc+eac GP + AGYS + AGE: — <Gf‘kbc>

aBC Xgpc + BB + P + €BC G + AGEY + AGES — <G?EC>

ABC Xgpe + Ba+Bp+Bc+eap+eac+epc+ G+ AG“bC + AGubC + AGabC <Gf?kBC>
€ABC

As in the main text and sections above, <G§Zn0ty r €> is the Boltzmann-weighted average of the energies of all conformations. For the
ABC genotype, for example:

abc ab ab ab b b b
<GABC> _RTIn ( (G, +AGA,]+AGB//+AGC,/)/RT +67(G,”('°+AG;/k+AG"k+AG”,,()/RT) . 42)

Using the map between the genetic model and AG,; for each genotype, we can algebraically solve for each coefficient in the genetic
model in thermodynamic terms:

tape = G = (G (43)
b= - (o) - (c)) @
B = acgy - ({Gf) — (¢ik)) )
pe = et - ((6i) - (ci¥)) (46)
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ean == ((6f) ~ (cft)) + (o) - {cik)) @)
eac == ({67 - (&) + ((ei) - (k) 8)
v =~ ((c3f) — (a1f)) + ({3i) ~ (ck)) )
eanc == (((64°) = (6) = (61£°) = (65)) + ({cf) + {3f°) + (61i€) - {cik))) ()

As expected, € o, € oc, and epc have the same form as above. The high-order term is more complex, but has similar features. It
consists of a collection of Boltzmann-weighted averages of conformations j and k that cannot be immediately simplified. This shows,
directly analogous to the pairwise epistatic case, that mutations perturbing conformations j and k can lead to a potentially non-zero
three-way interaction term B 4pc.

To determine whether this could, in fact, lead to non-zero high-order epistasis, we randomly assigned values to each of the

<G§?’;”0ty P e> terms—drawing from a normal distribution with a mean of 0 kT and a standard deviation of 1 kT—and used these values
to calculate e gpc. The resulting distribution of € 4 gc has a mean of 0 kT and a standard deviation of 1.67 kT. Thus, while it remains to
be seen whether high-order ensemble epistasis occurs in real systems, there do exist combinations of values for <Gf imtype> that lead
to non-zero high-order ensemble epistasis.

3 Epistasis between mutations within conformations can co-exist with ensemble epistasis

3.1 Effect of adding epistasis within conformations

We next investigated the effect of including epistasis between mutations within each conformation i, j, and k. Imagine, for example,
that mutations a— A and b— B introduced a new ion pair in conformation j, but not conformation i or k. This would mean G]AB would

be given by G]‘?b + AGf4 G”b + AAG*‘A]’B i where the final term measures the interaction energy of the ion pair. In this section, we
will denote all epistatic terms w1th1n a conformation—or summary terms that contain at least one such term—using bold-faced AAG.

If we allow for epistasis between mutations within each conformation, we have to modify our expression form AGngty re
follows:

Table 5 Map between genotype and the thermodynamic description of AGf;:Oty P¢ with within conformation interactions.
ot ot
Genotype AGfZ: e <G]qke 8 W6>
ab 6" - (acg}) rin (e TR e—<c,zh>/m)
Ab Gt 4 AGT. — <AG]Akb> RTIn ( —(GI+AGE ) /RT | (G +AGH, ) /RT
aB G+ AGY; — (8GIE) —RTIn ( ~ (G +8GH)/RT |~ (Gt +AGH,) /RT
b b b b
AB Gza * AG%’i * AG% i + AAGZB i ab ab ab ab
<GjAkB > RTIn (ei (Gi+aGY, +AGY, +A8GT,;) /RT

e (G +AGY +AGH, +AAGR, ) /RT

If we substitute these into the expression for € and simplify, we obtain:

= aaG3+ ((0ff) — (o)) — (o)~ (of¥)- ©Y

The two sources of epistasis now interact. The first is AAG35 AB,i» Which measures any interactions within conformation i. This is not
ensemble epistasis, as it arises from within a given conformation rather than from redistribution of the probabilities of conformations.

The term <Gﬁ?> on the other hand, is determined by both in-conformation epistasis and ensemble epistasis. The values of AAGf,‘,B3 j

and AAG?® AB x—interactions within conformations j and k, respectively—contribute to the redistribution of probabilities within
conformations, and thus contribute to ensemble epistasis.
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Table 6 Map between genotype and the thermodynamic description of AGfZ:Oty "¢ for a two conformation ensemble with within-
conformation interactions.

Genotype Gf;:atyp ‘
ab Gt — G
b b b b
Ab G® + AGY, — (G]”? +AG§L].)
b b b b
1B G + AGY, — (G}‘ +Acg/].)
AB Gt 4 ng,. +  AGE 4+ AAGRY;

(G" +AGH, + AGHE, + 8AG, )

3.2 To see ensemble epistasis, it is necessary to have three or more conformations even with a epistasis within conformations

We showed before that two conformations along could not lead to ensemble epistasis. We next tested whether this result held even
if we allowed for epistasis within conformations. If we remove conformation k, reducing the ensemble to conformations i and j we
obtain the following expressions for AGfZ;wty pe.

In this case, € simplifies to:

e = AAGY}; — AAGR (52)

Thus, any epistasis we observe arises from interactions within conformations i and j—not from redistribution of the probabilities of
conformations that characterizes ensemble epistasis.

3.3 To see ensemble epistasis, it is necessary for mutations a—A and b— B to have different effects on conformations j and k,

even with interactions within conformations

In this analysis, we will repeat the work done in 1.3, but now allowing for interactions within conformations. We will set Angj =

b b
AG% k AG% ]k

(8GiE) = acgh +(Gff). (54)

Things are more complicated for <AG;4kB >:

<AG;?kB> — RTIn ( (Gah+AGah +AG”bk+AAGAB])/RT e (G“h+AGﬁ{k+AG k+AAGABk)/RT) (55)
< AC ]{?k3> AGE '~ RTin (e—(G};b+Aqu[’,j+AAG§\bB,j>/RT N ef(GgI%AG“Ah'H»AAG;bB'k)/RT) (56)
We can call the term on the right <G]f‘t‘l?* >:
(AGH") = Gy + (GRE) (57)
e = 8aGHy, - ([acg+ (6fk)] - [aci+(6fe)]) - ((cfk) - () 9)
€= DAGYy,; — AGEy + <G]”Z> AGEy — <GAB*> - <G/ai> + <Gfkb> (59)
e=88GRy; — ((GiF) - (Gf)). (60)

In this scenario, ensemble epistasis may still be observed, even if b— B has the same effect on both j and k. This said, because we

did not specify that AAGZ"B j was the same as AAGI"J’B « the b— B mutation can, in fact, have different effects on j and k if A is present.

We therefore added a second constraint:

AAGYy; = AAGRE ) = AAGRY ) (61)

This constraint ensures that b— B has the same effect on j and k, regardless of genetic background. Starting from Equation 60, we
can now factor out AAG;‘,}’B K
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e < c ]Akb> + RTIn (e—(G}"”-t—AGfQ’”J-&-AAG;‘};,ik)/RT N e—(G,’(’b-&-AG"A”'k-&-AAG;"B'jk)/RT) ' 62)

— (G ab a a
e = (GH) + AAGRy i+ RTIn (e (G +AGH,)IRT | o= (Gt +acH,)/ RT) 63)
e— <G;}kb> +AAGH 5 <G;}kb> (64)
e = AAGRE; — AAGRY i (65)

We now reach a case similar to the two-conformation case with epistasis within conformations: we may still observe epistasis,
but it is due to contacts within each conformation rather than ensemble epistasis. If one of the mutations has an identical effect on
conformations j and k—including any epistatic interactions within the conformation—ensemble epistasis will not be observed.

4 Ensemble epistasis can arise for ensembles with more than three conformations

To simplify our analysis, we started by assuming we were interested in the equilibrium between a single confirmation i and two
other conformations, j and k. In many instances, we are instead interested in the difference in free energy between two collections of
conformations. For example, we might be interested in the free energy difference between all bound conformations and all unbound
conformations for a protein interacting with a drug. We can denote these two sub-ensembles with X and Y. We are thus interested in:

AGyps = <GX> - <GY> (66)
where
(Gx) = —RTIn ( Y e—Gm/RT> , (67)
meX
and m indexes over all conformations in the X sub-ensemble. Analogously,
(Gy) = —RTIn (Z e—Gn/RT> , (68)
ney
and n indexes over all conformations in the Y sub-ensemble. If we substitute the relevant expressions for AGfZ:wtypE into our
expression for € 60, we obtain:
£=(68") — (6#") — (68) + (") — (o) + (&") + (o) — (o) )
e=(08") — (o) — (68" + (a¥) — (6") + (o¥") + (&) — (o) )

c= (o)~ (e - (6 () + (- (o) + () + () - (o)
e= [((o87) (o)) (o)~ (c2))] - ()~ (o)) - (o)~ ()] e

The rightmost terms (involving sub-ensemble Y) are directly analogous to the ensemble we analyzed throughout this manuscript.
The leftmost terms (involving sub-ensemble X) are new ensemble epistasis that arises when we have multiple conformations on both
sides of the equilibrium constant.

5 Modeling the calcium-dependence of ensemble populations for S100A4.

5.1 Deriving the model

S100A4 populates both a closed conformation (M) and an open conformation (M*), differentiated by exposure of a hydrophobic cleft
by rotation of two helices. In the absence of Ca?>*, M is favored over M*. Ca®>* binds cooperatively to four sites in the M* conformation
Garrett et al. (2008). The M* - (Ca”) 4 and M species correspond to the “ca” and “apo” species from the main text. Finally, peptide
binds preferentially to the M* conformation. To model the system, we make the following assumptions:

1. M is strongly favored over M* in the absence of Ca?*.
2. Ca** binds cooperatively at four equivalent sites on M*.
3. Ca** binds much more tightly to M* than M, allowing us to neglect the M - CaiJr conformation.

4. Peptide binds much more tightly to M* than M, allowing us to neglect any M - peptide conformations.
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With these assumptions, we can describe the system with the following scheme and equilibrium constants:

M +4Ca?t = M* 4+ 4Ca>F = M* - <Ca2+)4 (73)
[M”]
K. = (74)
[M]
M* - (Ca?t
Ko = M- (C),] );J . (75)
[M*] [Ca?*]
The stability of M* - (Ca®"), relative to the other protein conformations is given by:
(M- (Ca*) ]
AG = —RTIn | =24 | (76)
( (o] + (37
Substitute the equilibrium constants and simplify:
[M*] KC [Cﬂz—ﬂ 4
AG = —RTIn | €2 1) 77)
( [M] + [0
4
K. [M]Kc [Ca*]
AG = —RTI , 78
( (M) + K. [M] 7%)
AG = —RIn | KKC (i (79)
B S
Assume that Ky < 1, meaning that M is highly favored over M* in the absence of Ca?t:
K.Kc [Ca2t]* 4
AG ~ —RTlIn (C[l”]) — _RTIn (K*Kc [Ca2+] ) (80)
4
AG = —RTIn (K.) — RTIn (Kc) — RTIn ([Ca“] ) (81)
AG = —RTIn (K,) — RTIn (K¢) — ARTIn ({Caﬂ]) . (82)
Setting pic,2e = RTIn([Ca®*]):
AG = AG, + AGe — g (83)

where AG; is the stability of M* relative to M in the absence of Ca%*t. AGc describes the affinity of the M* conformation for Ca?t,

The terms AG, and AGg, together, describe the intrinsic stability of the active, metal-bound “ca” complex at a reference [Ca2+] . We
therefore define a new constant:

GS, = AG. + AGc. (84)

The final expression for Ge, (p g2+ ) is:

Gea (ﬂCaH) = Gcoa — 4 (85)

The microscopic free energy of the apo (M) conformation does not depend on the concentration of Ca?*; therefore, G, po is a
constant:

Gapo (]/lca2+) = G;pO' (86)

5.2 Setting arbitrary offset
We do not know Gg, or G, We do know, however, that at a low calcium concentration Gapo(ticzr) < Gea(picg2r ) (meaning, the
M form is favored over M* at low calcium). We also know that Gea(picp2+ ) will increase linearly relative to Gg,, as a function of

ficar - If we do not care about the absolute value of [Ca?T] at which the system transitions between favoring apo and pep, we can
choose arbitrary values for G¢; and Gz, and then still calculate how epistasis should change as a function of ¢+ for the protein. For
convenience, we set G, = 0 and Gg; = 10 at g2+ = 0. We tested the sensitivity of our results to our choice of G, (Fig S1).
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5.3 Modeling mutant cycles

ab genotype:
G‘clg(,”CaZ*) = Gop — 4Hcar+
Gggo = G;po
<GZ§o,cu> (Hcgr) = —RTIn (e‘(Gfﬂ“”‘cﬂZW RT | e%G;,,o)/RT)
Ab genotype:

GAb,ca (VCu“) = Gga - 4]4012+ + AG?‘\b,cu

b
GAh,apo = G;po + AGZX,upo

o a _ o ab

aB genotype:
GuB ca (VCu”) =Gg — dpcer + AGp g
GuB,apo = Ggpo + AGB,apo

<Gua;§0 ca> (Mcg2+) = —RTIn (87(6?”74}4012* +AGpa)/RT 67(G3p0+AG3r”F")/RT>

AB genotype:

GAB,CH(VC[:”) = G?a - 4]"CaZJr + AGA,ca =+ AGB,Ca

GAB,apo = G;po + AGA,apo + AGB,upo

<G§}}3,m> (Heps ) = —RTIn (e*(GE’“*MJCHH +AGaca+AGpea) /RT 4 e—(Gipu+AGA,u,m+AcB,npo>/RT)

Final expression for jic,2+-dependence of e:

S(I”Ca”) = [<<AG£1§WO> - <th§,apo>) - <<G£ll,}upo> - <G?tlz),apo>>]
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