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SUPPLEMENTAL FILE S1: DETAILED MATHEMATICAL DERIVATIONS

Analysis of variance for Pool-seq data

In the following, we first derive our model for a single locus. Consider a
sample of ng subpopulations, each of which is made of n; genes (i = 1,...,nq)
sequenced in pools (hence n; is the haploid sample size of the ith pool). We
define ¢;; as the number of reads sequenced from gene j (j = 1,...,n;) in
subpopulation 7 at the locus considered. Note that ¢;; is a latent variable,
that cannot be directly observed from the data. Let X,j., be an indicator
variable for read r (r = 1,...,¢;;) from gene j in subpopulation 7, such that
Xijre = 1 if the rth read from the jth gene in the ith deme is of type k,
and Xjj,., = 0 otherwise. In the following, we use standard dot notations
for sample averages, i.e.: Xijp = >, Xijr/Cijy Xivik = Ej > Xirk/ Zj Cij
and X..p = >, 05> Xijra/ D2 D25 ¢ij- The analysis of variance is based

on the computation of sums of squares, as follows:
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We express the sum of squares for reads within individuals as:
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since we assume that there is no sequencing error, i.e. all the reads sequenced
from a single gene are identical (therefore Xj,.x = Xjj..x, for all 7). The sum

of squares for genes within pools reads:

SS]k = Zi:z zgk )2
= ZZZ z]k_ﬂ-k ZZZ i k_ﬂ-k

= Z Z Cij (Xz]k - 7Tk)2 - Z Ch' (sz — 7Tk)2 (Ag)

where 7 is the expectation of the frequency of allele k over independent
replicates of the evolutionary process, and C; = Zj c;j is the total number
of observed reads in the i¢th pool. Likewise, the sum of squares for genes

between pools reads:
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where Cy = ), Zj ¢i; = »_; Ch; is the total number of observed reads in
the full sample. These sums can be expressed as functions of the average

frequency of reads of type k for individual j: 7;;.; = Xjj.k, of the average fre-



quency of reads of type k within the ith pool: ;. = X;...x, and of the average
frequency of reads of type k in the full sample: 7, = X...,.. Note that from the
definition of X..., 1 = ), Zj Do Xigr D Z]. cij = > Cimtie/ >, Chi is
the weighted average of the sample frequencies with weights equal to the pool
coverage. Our approach is therefore equivalent to the weighted analysis-of-
variance in|Cockerham| (1973) (see also Weir and Cockerham|1984; Weir|1996;
Weir and Hill 2002} |Rousset [2007; \Weir and Goudet|2017). Then, developing
the square in the first term in the right-hand side of Equation [A3] we get:
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The sums of squares also depend on the unobserved frequency of pairs of
genes sampled in the ¢th pool that are both of type k, i.e. the probability

of identity in state (IIS) for allele k, for two distinct genes in the ith pool:

Quin = (Zj#/ Zr,r’ Xijr;kXij/r/;k> / (012Z — Z]. c?j>. Then, developing the



square in the second term in the right-hand side of Equation [A3] we get:

(sz — 7rk)2 — (Z Z Z v ( 1z]rk k))

C:

= Ch (i: Z Xz]'r k — Clz”k)
= (Z Z ijrik + Z Z Xz]r k‘X’LjT/ :k

J r#Er!

+ Z ZXUT chzy rlik — QCMXZ KTk + Clzﬂ-k>

J#g" !
1 ng [
- 0.2 (Z Cij Xijsk + Z cij(cij — 1) Xijun
1: j j
+ <C12z - Z C?j) le’:k — 20} Xk + Ci»ﬂ'i)
J

= Cl (Z Cz] U k — sz) + (Ci - ZZ: C?j) <Q1i:k — sz)
i - -

+ C%ZXZ e — QChXZ LT T+ Clﬂﬁc)

g 2

= Ffuk — 2MpRik + 7p + E C (Tijik — k)

+ (1 - Z Ci) (Qli:k - ﬁzk>

Last, the sums of squares depend on the unobserved frequency of pairs
of genes sampled in the same pool that are both of type k, i.e. the IIS

probability for allele k£ for two distinct genes in the same pool: Q1 =

(Zi Doijt Dt Xijr:kXij’r’:k>/ (Cz =222 c%), and of the unobserved

frequency of pairs of genes sampled in different pools that are both of type
k: QQ:k = (Zz;ﬁz’ Zj,j’ Zr,r’ Xij'r’:kXi’j’r’:k> / (012 — CQ), where CQ = Zz OIQZ
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Developing the second term in the right-hand side of Equation [Ad] we get:
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Hence, developing the first term in the right-hand side of Equation using
Equation we have:
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Likewise, developing the second term in the right-hand side of Equation [AJ]
using Equation [AG], we get:
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Last, developing the second term in the right-hand side of Equation [A4] using
Equation [A7] we get:
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Then, from Equations [A3] [A§] and [A9}
nqa N4 02
i ¢
g m2 )
+ ZZ: (Cu — ZJ: gf) (ﬁzk — Qli:k) (A11)
and from Equations [A4] [A9] and [AT0}
na i 2 .
SS5Py = sz:% (ijie — Tisk) — Z (Ch Z C, ) <7Tzk le‘:k)
nqg ng 12 A A C o A .
+ ;Z 2—]1 (e — Rij) + (gj - Z; %) (Wk - Qm)

+ ((11 - %) (ﬂk - Qz;k) (A12)




Taking expectation over all possible samples from all replicate populations

sharing the same evolutionary history, we get from Equation [ATT}
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where Q1. is the expected IIS probability that two genes in the same pool

are both of type k. Likewise, from Equation
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where Q5. is the expected IIS probability that two genes from different pools
are both of type k. Note that the expected sums E <z >.ic w) /Ch; and

E <ZZ > cij> /C1 in Equations

A13

and

Al4

depend on the latent variable



c;j, that cannot be directly observed from the data. Therefore, we must make
an assumption on the distribution of the ¢;;’s to proceed. In the following,
we assume that for each pool i, ¢;; follows a multinomial distribution with
parameter Cy; (the number of trials, i.e. the total number of reads in the
ith pool) and probabilities (1/n;,...,1/n;) for the n; individuals in the pool.
Then:
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Hence, from Equations [AT3] and we have:
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and from Equations [AT4] and [AT6}
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Summing over alleles, we get the following expressions for the expected sums

of squares for genes between individuals within pools:
E(SST) = > E(SSI) = (Cy— Dy)(1— Q1)
k
and for genes between individuals from different pools:
E(SSP) = > E(SSPy)
k
- (a-2)@-e)+ - pya-a)

Rearranging Equations [ATIHA20, we get:

(C1 — Dy)E(SSP) — (D, — D3)E(SSI)

Q— Q2= (Cy — D) (Cy — Cy/CY)

and:

1—Qy = (C1 — Do) E(SSP) + (ne — 1) (D2 — D3) E(SST)

(C1 = Dy) (C1 — C2/Ch)

(A19)

(A20)

(A21)

(A22)

where n. = (Cy, — Cy/Cy) /(Dy — D3). Let MSI = SSI/(Cy — Ds) and
MSP =SSP/ (Dy — Dj). Then, using the definition of Fsr from Equation 1



in the main text, and rearranging Equations [A2IHA22] we get:

_ Q1 —0Qr E(MSP) —E(MSI)
Bt =0, T BE(MSP) + (n — 1) E(MST) (A23)

which yields the method-of-moments estimator:

MSP — MSI

Fpool _
ST MSP+ (n.— 1) MSI

(A24)

Since SST (Equation[A3) and SSP (Equation may be rewritten in terms

of sample frequencies as:

ng Cij

SSI = ZSS]k—ZZZZ gk — Xivar)”
= ZZCWW — i) (A25)

and:

N4 Cij
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ki
our estimator then takes the form:

ool _ S [(C1 = Do) 370 Chy (R — #5) — (Do — D5) Yo7 Cuig, (1 — 4

T S (G = Do) Y C (R — 7)” + (ne — 1) (Do — D3) S0 Crfrr (1 — 7))

The estimator in Equation [A24] can also be expressed as a function of the
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frequencies of identical pairs of genes Ql =>, Qm and Qz => Qg:k, as:

(@@ o+ (cr-5,2) 8
(1—Q2>Oé+(02/01 ZZJ&)

fpool
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where:

1

<01 ZZ Ch> (01 - 9) (A29)

and:

g = Z (Cu‘ - Z (C;Qi) <le - Ql) (A30)

If we take the limit case where the number of sequenced reads per gene is
constant, i.e. if Cy; = C, for all ¢ € (1,...,nq), then it can be shown that
Equation reduces exactly to Equations 28A29-28 A30 in Rousset| (2007)),
p. 977. Furthermore, if the pools have all the same size, i.e. if n; = n for all
i€(1,...,ng), then FE = <Q1 Qg) / (1 - @2).

If the pools have all the same size and if the number of reads per pool is

constant, then one can also show that Equations reduce to:

SSI = ng(C — 1) (1 - Qg) (A31)
and:

SSP = C(ng — 1) (1 - Qg) ~ (g —1)(C —1) (1 - Q;) (A32)

where Q‘i and Q§ are the frequencies of identical pairs of reads within and be-

tween pools, respectively, computed by simple counting of IIS pairs. These
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are (unweighted) averages of the population-specific estimates Qﬁi (Equa-

tion } and the pairwise estimates Qgii, (Equation , respectively.
Then, from Equation we get:

rppool 4 1_625 n
e (122) (1) o
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1IS probabilities for Pool-seq data

In this Appendix, we provide unbiased estimates of IIS probabilies between
pairs of genes, computed from read count data. Let ry, = > i > Xijrk be
the number of reads of type k in the ith pool. A straightforward estimate of

the IIS probability between pairs of reads in the ith pool is given by:

A Tik (Toe — 1

Q= Z(’;li (kC(u = 5 ) (A34)
where Cy; = ), ri.e. As above (see Equationsand, we assume that
in each pool, the conditional distribution of the read counts r;, given the
(unobserved) allele counts y;.x, is binomial, i.e.: rix | yix ~ Bin (y;.x/n4, C1;).
The conditional expectation of the number of reads is therefore given by:
E(rix | yir) = Chi (yix/ni), and the conditional expectation of the squared
number of reads by: E(r?, | yix) = Cu(Cy — 1) (yi:k/ni)Q + Ci (Wi /).
Therefore, the conditional expectation of the IIS probability between pairs

of reads in the ith pool reads:

B (01 ) - B - 3 () (A%

Since

A Y e Yik (Y — 1)
Qu = s (s — 1) (A36)

is an unbiased estimate of the IIS probability between pairs of distinct genes

in the ith pool, Equation implies that Qﬁi (Equation ) is a biased
estimate of that quantity (i.e., the IIS probability between pairs of reads

within a pool is a biased estimate of the IIS probability between pairs of
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distinct genes in that pool). This is so, because the former confounds pairs
of reads that are identical because they were sequenced from a single gene
copy, from pairs of reads (from distinct gene copies) that are identical because
they share a common ancestor. However, inspection of Equation[A35]suggests

that an unbiased estimate of Qq; may be given by:

Apool n; ( Ar >
QT =1-— 1—Qj; A37
1z n; 1 12 ( )

Taking expectation of Equation [A37] we get indeed:

Apoo n; AL 1
E (Qlfz 1 | yi:k) = E (Qu) -

2
. N Yik _ 1

>k Yik _ >k Yick
Zk yi:k(yi:k - 1)

- (= 1) =Qu (A38)

Following Weir and Goudet| (2017)), we define the overall IIS probability be-
tween pairs of genes within pools as the unweighted average of population-

specific estimates, leading to:

Apool
QY = DIt oL Z i (1 - Qﬁz) (A39)

nq g

A straightforward estimate of the IIS probability between pairs of reads

taken in different pools ¢ and ¢’ is given by:

A Zk TikTik
Ly = —E A40
241 Clichj’ ( )
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Since we assume that pools are conditionally independent, taking expectation

gives:

A Zk]E(Ti:k)E(W:k)
E Qr"/ i:ky Y’ —
( 2iir | Wik Y k) C1:Chir

=Y (M) = O (A41)
n;ny

k

Therefore, the IIS probability between pairs of reads sampled in different
pools is an unbiased estimate of the IIS probability between pairs of genes in
these pools, and an unbiased estimate of the IIS probabilitiy of genes sampled
from different pools is given by:

Q5! = Qb (A42)
As above, we define the overall IIS probability between pairs of genes sampled
from different pools as the unweighted average of pairwise estimates, i.e.:

o S 1 :

Qpeot = = T o (1 — Qrii,> A43

2 nd(nd — 1) nd(nd — 1) z;ﬁzz’ 2 ( )

We can then derive an IIS-based estimator of Fgr, as:

Apool Apool Apool
fpool—PID Ql w2 1- Ql
F, >l ®2 1

ST

[ (1= @) i/ (i = 1)]
Zi;ﬁi’ (1 - an/) / (na —1)

1- (A44)

which, to the extent that we may take the expectation of a ratio to be the

ratio of expectations, is unbiased. If the pools have all the same size (i.e., if
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n; = n for all 7), then Equation reduces to:

FEpoPP =1 - (1 —~ 3) (n n 1) (A45)
— 0 -

where QF = 3, Q%,/nq and Q} = D i Q% / [na(nq — 1)]. Note that Equa-
tion is strictly identical to Equation[A33] Therefore, if the pools have all

the same size and if the number of reads per pool is constant, the analysis-
of-variance estimator F£e®' is strictly equivalent to the estimator FEo~"™
based on the computation of IIS probabilities between pairs of reads, with
appropriate bias correction (see Equation . This echoes the derivations
by Rousset| (2007) for Ind-seq data, who showed that the analysis-of-variance
approach (Weir and Cockerham||1984) and the simple strategy of estimat-
ing IIS probabilities by counting identical pairs of genes provides identical
estimates when sample sizes are equal (see also |Cockerham and Weir 1987
Karlsson et al.|2007).

Alternatively, the overall IIS probability between pairs of genes within
pools may be defined as the weighted average of population-specific estimates,

with weights equal to the number of pairs of genes in each pool (see |[Rousset

2007), i.e.:

> ni(ng — 1Y
> ini(ni — 1)

Q' = (A46)

Likewise, the overall IIS probability between pairs of genes sampled from
different pools may be defined as the weighted average of pairwise estimates,

with weights equal to the number of pairs of genes sampled between pools,
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1.e.:

Apool
Zi;ﬁi/ niny Qs

~pool __
& =
D iy M

(A47)

We can then derive an 1IS-based estimator of Fgr, using weighted IIS prob-
abilities, as:
_ onol _ onol 1— onol
Fsp§ol—PID _ # —1_ —~1
1 — QIQJOOl 1— ngol
> [”3 (1 - Aﬁz)] /> ini(ni — 1)
Zz‘ﬁ ez (1 - 5@@/) / Zi;&i/ T

- 1-

(A48)

If the pools have all the same size (i.e., if n;, = n for all i), then Equation
reduces to Equation [A45, and FEoo'" PP = FPoo=PID \yith unbalanced sam-

ples, simulation analyses show that

Fpool—PID . .
F&° has larger bias and variance

than F52° "™ in particular for low levels of differentiation (see Figure S4).
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