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File S1

Derivation of linkage disequilibrium parameter in progeny for four-way cross and specific case of
two-way cross, three-way cross and backcross

Here we derive the linkage disequilibrium parameter of doubled haploid progeny derived from the F;’
generation of a four-way cross (Figure 1 S1), while we give an extension for DH lines generated from
higher selfing generations and for recombinant inbred lines in File S2. The crossing scheme for a four-
way cross visualizing parental and potential progeny haplotypes is given in Figure 1 S1. Gametes from
a four-way cross with four different parents (P1, P2, P3, and P4) correspond to gametes from six

biparental crosses (P1xP2, P3xP4, P1xP3, P1xP4, P2xP3, P2xP4).

P1 P2 P3 P4
Al 1A E| |E
gE « gE ~ Ul

A - l 1

F,
Parental haplotypes (T1) Recombinants from Fl' x F¥ (T2)

4080 iEAH

Recombinants from F x F (T3)

JEEE0E0E

Figure 1 S1 Visualization of crossing scheme and two-locus parental as well as progeny haplotypes of a four-
way cross from parents P1, P2, P3, and P4. Potential types of haplotypes are denoted with T1, T2, and T3.

mm

To derive the entries of the Linkage Disequilibrium (LD) matrix D of the progeny of the four-way cross,
we derive the frequencies of all different possible haplotypes. For this, three types of haplotypes can
be differentiated (namely, T1, T2 and T3).

The first type T1 corresponds to parental haplotypes, for example AB from Figure 1 S1. The frequency

of the haplotype AB in the parents is:
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The frequency of AB in gametes from the cross Fl(l) X Fl(z) is:

Dap = %(1 - C(l)),

with ¢(M) the recombination frequency and (1 — c¢(1) the frequency that no recombination takes

place within the cross Fl(l) X F1(2).

Similarly, the frequency of AB in gametes from the cross F| X Fj is:
1
pip =7+ (1— C(l))z
4
As there are four different parental haplotypes, the frequency of the type T1 haplotypes is:

n 14 n n 2
P(Ty) = pap + bcp + Per + P6u = (1 - C(l)) (1)

The second type T2 corresponds to haplotypes formed by recombination in the cross Fl(l) X Fl(z), for

example AD. The frequency of this haplotype in the parents is
Pap =0
The frequency of AD in gametes from the cross Fl(l) X Fl(z) is:

1 ¢ 1

@
As CT is the frequency of recombinants within Fl(l), the frequency in the whole cross is reduced by a

factor of 1/2. The frequency of AD in gametes from the cross F] X Fj is:

n 1
pAD = Zc(l)(l — C(l)),
with (1 — ¢) the frequency that no recombination takes place within the cross F; x Fj.
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Overall, the frequency of the type T2 haplotypes is:

P(T,) = pap + Pce + PEn + P6r = C(l)(l - C(l)) (2)

The third type T3 corresponds to haplotypes formed by recombination in the cross F; X Fj, for

example AF. The frequency of these haplotypes in the parents is:
par =0

The frequency of AF in gametes from the cross Fl(l) X F1(2) is:

!

Par =0
The frequency of AF in gametes from the cross F] X F; can be calculated as:

EHINEY

+
2 2

e
2

1 1 1
PaF :Z(l_c(l))*i(l —c®) *E(l_cm)*

JCHINCH BN CD NI cD RN C))
* + — % *

2 2 2 2 2

2 (1)

1
——cm

Overall, the frequency of the type T3 haplotypes is:

P(T3) = pjr + P + Pl + PEp + PAn + Pis + iu + vép = ¢ (3)

All the different haplotypes and frequencies are summarized in Table 1 S1.
We define h;; = (hj, hl) a haplotype including loci j and [, with h; and h; the alleles of the haplotype
atlocij and [, hj, h; € {0,1}. Using the frequencies of the three types of haplotypes, we derive the LD

in the progeny between locus j and [ as:

progeny __
D; = pji— pin

=P (hjl = (zj,zl)) - P(hj = Zj)P(hz =2z)
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= 33%=1P(hjy = (25, 2) | T )P(Ty) — P(hy = z;)P(hy = ),  (4)

where z; and z; denotes realizations of h; and h;.respectively.

For the conditional haplotype probabilities it holds:
1
P(h]l = (ZjJZl) | Tk) = m Z 117]-==Z]- X 1vl==le
k v €Tk

with |T | the number of haplotypes of type k, v;, = (vj, vl) a haplotype of type k, 117j==zl (1,,1:221)

an indicator equal to 1 if v; = z; (v; = z;) and 0 otherwise.

For the allele frequencies it holds:

1
P(hj=z)= 7 (Qaz=z; + Teoy; + 1pacy; + 162z

1
P(hl = Zl) = Z (1B==Zl + 1D==Zl + 1F==Zl + 1H==Zl)

Table 1 S1 Different haplotype types, their frequency in the parents (GO0), after the first cross (G1), after the
second cross (G2) and the Linkage Disequilibrium (LD) in G2.

Type GO Gl G2 LD

T1° L %(1 —cW) %* (1—c)? %* (1-cm)’ - 1_16
T2b 0 %cm %C(l) £ (1 - W) %c(l) e (1-c0) - 1_16
T3¢ 0 0 %C(n % (0 116

9Haplotypes: AB, CD, EF, GH (parental haplotypes)
bHaplotypes: AD, BC, EH, FG (recombinant from Fl(l) X Fl(z))
“Haplotypes: AF, AH, CF, CH, EB, ED, GB, GD (recombinant from F{ X F])

Further, we use the linkage disequilibrium among two parents between loci j and [, which is

exemplified for parent 1 and 2:

12 _ 12 12,12
Di* = pji” — pj°pi

1 1
= §(1A==Zj X 1B==Zl + 1C==Zj X 1D==Zl) - Z(1A==Zj + 1C==Zj) (1B==Zl + 1D==Zl)
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1
= Z(1A==Zj X 1B==Zl + 1C==Z]- X 1D==Zl - 1A==Z]- X 1D==Zl - 1C==Zj X 1B==Zl)-

For sake of clarity, we abbreviate in the following 1A==Z]. with 1,, 1z-_, with 15 and accordingly for
therest (C, D, E, F, G, H). Then we can reform the LD in the progeny as a function of the recombination
@

frequency Cj) and the LD among two parents between loci j and [:

3

DjT9Y = Z P(hy = (zj,2)| Te)P(Ty) — P(hj = z;)P(hy = z))
k=1

1 %
= 2 (Lilp +1c1p + 151p +161y) (1-¢)
1
+ 7 (L1 + 1615 + 151y + 1610 (1 - )

1
+5 (L1p+ 1,1, + 1c1p + 11y + 1515 + 151y + 1615 + 11p)c”

1
—1—6(1A+1C+15+1G)(1B+1D+1F+1H)

N,

2 1
[((1 —c) - Z) (1,15 + 1o1p + 1515 + 1,1,)
) @) _ 1
+ (P (1=¢f?) = 7) (Lalp + 115 + 151y + 161)
cj(ll) 1
+ = 7 (Lalr + 141y + 1e1p + 1ey + 1p1p + 1p1p + 1615 + 161p)

2

@)?
(1-c¢”) (Lalp +1c1p + 1515 + 161,)

e

+ Cj(ll) (1 - Cj(ll)) ( 1A1D + 1C13 + 1E1H + 1011:')
1 1

) (11 + 1,1, + 11+ 14,1,) — 1 (141, + 115+ 11, + 1415)
1 )

— 2(1-2¢P) Ly + a1y + 1edp + 1c1y + 1515 + 151 + 161,

4

+1, 1D)]
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-Mr—x

BN

1
4

=50

1
7 (L1 +1.1, + 11+ 1,1, —

[(1 - Cj(ll)) ( 1AlB + 1ch + 1E1F + 1611'1)

]l

i (1-¢f?) (1alp +1c1p + 1515 + 161y — 141 — 115 — 151,

1
—1;15) 2 (L1 + 11, + 11+ 1,15+ 1,1, + 1.1+ 11, +1515)

1
- Z(l = 2¢f7) (Lalp + 1Ly + Ledp + 1cly + 1515 + 151, + 151,

+1, 1D)]

[(1 —ci) (1alp + 1c1p + 1515 + 161,) — 4 (1 - ¢f”) (DF2 + DJ*

1
2 (115 + 11+ 11+ 1,15+ 11, + 1.1 + 11 + 1,1)

1
+ 4( — 2¢{") (4D} + 4D}* + 4DF + 4D3* - 21,15 — 211, - 21,1,

- 21G1H)]

1 2
[(1 —cf - i Z(l - 2cj(l”)> (1,15 + 1c1p + 151, + 1515

1
— 4C,-(11) ( (1)) (Di* + Di*) - 2 (141p +1c1p + 1514 +1615)

1
+ 4( — 2¢{V) (4D} + 4D}* + 4D}* + 4D3* ]

_ 4Cj(ll) (1 (1))( )_|_ (

1
:Z[ (4D3? +4D3") — 4cP (1 -

+ (1-2¢”) (i + Dj*

1,1p —1c1p — 151, — 1615)

—2¢{") (D} + D} )]
) (0} + D}

23 24
+Dj7* + Djj )]

1
DJ'?i4 (Z - 46}‘(11)(1 (l))) ( ZC]'(ll)) (Dj D )]
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1 €Y) (€Y} 13 14 23 24

96 :Z[(l 2¢ ) (D32 + D3*) + (1-2¢{") (DF® + Dj* + DF* + D} ]

1
— (1) 13 (1) 12 34
97 = 2 (1-2¢0) [ (0 + D} D)+ (1-2¢5") (D} + DY)
1 1 1

98 =1(1-2¢") [0+ (1-2¢0) @1z (5)

99 with®y; = Djllz + Dﬁ“ summing the LD values among parents that can be considered to be involved
100  as biparental crosses in Fl(l) X F1(2) and with @, ;; = Dﬁ3 + Dﬁ‘* + Dﬁ3 + Dﬁ4 summing the LD values
101 among parents that can be considered to be involved as biparental crosses in F] X Fj.

102  The linkage disequilibrium parameter ®;and @, and equation (5) can be simplified in the case of two-
103 way, three-way and backcrosses (Table 2 S1). For two-way crosses we arrive at the same variance
104  covariance matrix elements X;; as given by Lehermeier et al. (2017).
Table 2 S1 Linkage disequilibrium parameter between QTLs j and [ in pairs of parental lines depending on the
mating design.
Dy D, X

Fourway D+ Di* Dj* +Dj* + D7 + 07" (1-2c) ( (D} +D* + D3 + D3*) + (1 —2¢P) (D2 + DJ* )
Three-way  Dji 2 (Dj* + D3 (1 2¢ (1))( (i + (1 — 2 (1)) D} )

Backcross D]-lf’ 2 D}f’ (1 26(1)) (3 (1))

Two-way 0 4D (1 - 20(1))

Literature cited
Lehermeier C., S. Teyssédre, and C.-C. Schén, 2017 Genetic Gain Increases by Applying the Usefulness Criterion

with Improved Variance Prediction in Selection of Crosses. Genetics 207: 1651-1661.

Allier et al. 751



